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WHERE WE'RE AT

- Kleene's fixed point theorem: every continuous function f: D — D on a domain D
has a least (pre-)fixed point given by | |,epy f*(Lp)

- We need to construct domains and continuous functions!

- Flat domains: “base” cases (N, but also B))
- Products of domains are domains, everything is componentwise
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PROJECTION AND PAIRING

Let D; and D, be cpos. The projections

i 1)1 X 1)2 — l)l Ty © l)l X 1)2 — 1)2
(di.dy) — 4 (di.dy) — dy

are continuous functions. ﬂ’l(/;—‘ (AA,M/dtM) ‘aéd Ca ,l;\ o( )
-~ /
17” d”/ 9»" 404,.\ ldL,~>
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PROJECTION AND PAIRING

Let D; and D, be cpos. The projections

i 1)1 X 1)2 — l)l Ty © l)l X 1)2 — 1)2
(di.dy) — 4 (di.dy) — dy

are continuous functions.

If f{: D — D;and f, : D — D, are continuous functions from a cpo D, then the
pairing function
(f. o)1 D — Dy xDy
d — (fi(d), fo(d))

is continuous.
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DOMAIN CONDITIONAL

The conditional function

if: Byx(DxD) — D
m(d) if x = true
(x,d) — 1m(d) if x = false
J_D ifx=_1

is continuous.
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GENERAL PRODUCT

Given a set I, suppose that for each i € I we are given a set X;. The (cartesian) product of
the Xj is

[1x

iel
Two ways to see it:

- tuples: (..., x;, ... )jes such that x; € X;;
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GENERAL PRODUCT

Given a set I, suppose that for each i € I we are given a set X;. The (cartesian) product of
the Xj is

[1x

iel
Two ways to see it:

- tuples: (..., x;, ... )jes such that x; € X;;
- heterogeneous functions: p defined on I such that p(i) € X;.

Special case: [ [;cg D; corresponds to Dypye X Dialse-

Projections (for any i € I):

m:(HXi)aXi

i€l
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GENERAL PRODUCT OF DOMAINS

Given a set I, suppose that for each i € I we are given a cpo (D;, ;). The product of this
whole family of cpos has

- underlying set equal to [ [ic; Dj;
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GENERAL PRODUCT OF DOMAINS

Given a set I, suppose that for each i € I we are given a cpo (D;, ;). The product of this
whole family of cpos has

- underlying set equal to [ [ic; Dj;
* componentwise order

C /def el pCs ,
pP=p = Vie P s pi-

I-indexed products of cpos (domains) are cpos (domains), and projections are
continuous.

46/88



CONSTRUCTIONS ON DOMAINS

FUNCTION DOMAINS



CPO/DOMAIN OF CONTINUOUS FUNCTIONS

Given two cpos (D,Cp) and (E,Cg), the function cpo (D — E,C) has underlying set
{f : D> E| isa continuous function}

equipped with the pointwise order:

FC ' SvdeD. f(d) g f/(d).
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equipped with the pointwise order:

fCfSvdeD. f(d) g f/(d).

fCpseg& xCpy

f(x) Cg g(»)
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CPO/DOMAIN OF CONTINUOUS FUNCTIONS

Given two cpos (D,Cp) and (E,Cg), the function cpo (D — E,C) has underlying set
{f : D> E| isa continuous function}

equipped with the pointwise order:
def
fCf"SvdeD. f(d)Cg f(d).

Argumentwise least elements and lubs:

Lpop(d) = g (U fn> @ =] | @

n=>0 n>0
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FUNCTION OPERATIONS ARE CONTINUOUS

Evaluation, currying (f : (D’ x D) — E) and composition

eval: (D> E)xD — E
(f.d) = f(d)

cur(f): D' — (D —E)
& — AdeD. f(d,d)

o: (E->F)x(D—>E)) — (D—F)
(f. &) — Ad € D. g(f(d))

are all well-defined and continuous.
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CONTINUITY OF THE FIXED POINT OPERATOR

fixx: (D—>D) — D

is continuous.
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CONSTRUCTIONS ON DOMAINS

BACK TO THE INTRODUCTION



THE SEMANTICS OF A WHILE LOOP

[while X >0do (Y :=X*Y; X := X —1)]

is a fixed point of the following F : D — D, where D is (State — State):

[X - x,Y > y] ifx <0

Fw)([X = x,Y = y]) = zw([XHx—l,Y'—’x'Y]) if x > 0.
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THE SEMANTICS OF A WHILE LOOP

[while X >0do (Y :=X*Y; X := X —1)]

is a fixed point of the following F : D — D, where D is (State |, — State | ):

B (X — x,Y > y] ifx<0
Fw)([X > x,Y > y]) = {W([X,_,x_l,Yny]) if x > 0.

F(1) = 1

State, — State is a domain!
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KLEENE’'S FIXED POINT THEOREM

Kleene's fixed point theorem:
weo = || F"(1)
ieN

is the least fixed point of F, and in particular a fixed point.
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KLEENE’'S FIXED POINT THEOREM

Kleene's fixed point theorem:
weo = || F"(1)

ieN

is the least fixed point of F, and in particular a fixed point.

We can compute explicitly

[X - x,Y — y] ifx <0

oo | X Y =
Weol X 12 26, Y 1> 3] [X > 0,Y—(x)-y] ifx>0

And check this agrees with the operational semantics.
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