


















Non-deterministic Pushdown Automaton (NPDA)

is specified by:

• Q, finite set of machine states

• Σ, alphabet of input symbols

• s ∈ Q, the start state

• F ⊆ Q, subset of accepting states

• Γ, alphabet of stack symbols

• I ∈ Γ, the initial stack symbol

• ∆, finite set of transitions , which are either

input-transitions A, q
a
→ S, q′ , or ε-transitions A, q

ε
→ S, q′

(where A ∈ Γ, q ∈ Q, a ∈ Σ, S ∈ Γ∗ and q′ ∈ Q).

44



Allowed operations on stacks S ∈ Γ∗

pop the top element A off a non-empty stack AS, producing a new

stack S and returning the element A

push a finite string S′ of elements on to the top of a stack S, producing

a new stack S′S

Note:

• pop is not defined on the empty stack;

• we may push an empty string onto a stack (in which case it is unchanged).
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Example NPDA

States: i q f

Input symbols: a b

Start state: i

Accepting state: f

Stack symbols: I A

Initial stack symbol: I

Transitions:

ε-transition a-transitions b-transitions

I, q
ε
→ ε, f I, i

a
→ AI, i A, i

b
→ ε, q

A, i
a
→ AA, i A, q

b
→ ε, q
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Next-configuration relation (S, q, w) ⇒1 (S′, q′, w′)

describes how a NDPA M = (Q,Σ, s, F,Γ, I,∆) can move from

one configuration (S, q, w) to another (S′, q, w′) in one step.

It is defined to hold if it matches either of the following two cases:

• (AS′, q, aw) ⇒1 (SS′, q′, w)

where A, q
a
→ S, q′ is an input-transition of M ;

• (AS′, q, w) ⇒1 (SS′, q′, w)

where A, q
ε
→ S, q′ is an ε-transition of M .

We write (S, q, w) ⇒∗ (S′, q′, w′) to mean

(S, q, w) = (S1, q1, w1) ⇒1 · · · ⇒1 (Sn, qn, wn) = (S′, q′, w′)

holds for some n ≥ 1 and configurations (Si, qi, wi).
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L(M), language accepted by a NPDA M

If M = (Q,Σ, s, F,Γ, I,∆), then

L(M) = {w ∈ Σ∗ | (I, i, w) ⇒∗ (S, q, ε) holds for

some S ∈ Γ∗ and q ∈ F}.
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Example NPDA

States: i q f

Input symbols: a b

Start state: i

Accepting state: f

Stack symbols: I A

Initial stack symbol: I

Transitions:

ε-transition a-transitions b-transitions

I, q
ε
→ ε, f I, i

a
→ AI, i A, i

b
→ ε, q

A, i
a
→ AA, i A, q

b
→ ε, q
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Theorem

A language is context-free if and only if it is accepted by some

push-down automaton.

For a proof, see for example Hopcroft and Ullman Sect. 5.5.
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