








Examples of non-regular languages

• The set of strings over {(, ), a, b, . . . , z} in which the

parentheses ‘(’ and ‘)’ occur well-nested.

• The set of strings over {a, b, . . . , z} which are palindromes,

i.e. which read the same backwards as forwards.

• {anbn | n ≥ 0}
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The Pumping Lemma

For every regular language L, there is a number ! ≥ 1 satisfying the

pumping lemma property:

all w ∈ L with length(w) ≥ ! can be expressed as a concatenation

of three strings, w = u1vu2, where u1, v and u2 satisfy:

• length(v) ≥ 1
(i.e. v #= ε)

• length(u1v) ≤ !

• for all n ≥ 0, u1vnu2 ∈ L
(i.e. u1u2 ∈ L, u1vu2 ∈ L [but we knew that anyway],

u1vvu2 ∈ L, u1vvvu2 ∈ L, etc).
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If n ≥ ! = number of states of M , then in

sM = q0
a1−→ q1

a2−→ q2 · · ·
a!−→ q!

︸ ︷︷ ︸

!+1 states

· · ·
an−→ qn ∈ AcceptM

q0, . . . , q! can’t all be distinct states. So qi = qj for some

0 ≤ i < j ≤ !. So the above transition sequence looks like

sM = q0
u1−→∗ qi

v

∗!!
= qj

u2−→∗ qn ∈ AcceptM

where

u1
def
= a1 . . . ai v

def
= ai+1 . . . aj u2

def
= aj+1 . . . an.
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How to use the Pumping Lemma to prove

that a language L is not regular

For each ! ≥ 1, find some w ∈ L of length ≥ ! so that

(†)











no matter how w is split into three, w = u1vu2,

with length(u1v) ≤ ! and length(v) ≥ 1,

there is some n ≥ 0 for which u1vnu2 is not in L.
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Examples

(i) L1
def
= {anbn | n ≥ 0} is not regular.

[For each ! ≥ 1, a!b! ∈ L1 is of length ≥ ! and has property (†) on

Slide 31.]

(ii) L2
def
= {w ∈ {a, b}∗ | w a palindrome} is not regular.

[For each ! ≥ 1, a!ba! ∈ L1 is of length ≥ ! and has property (†).]

(iii) L3
def
= {ap | p prime} is not regular.

[For each ! ≥ 1, we can find a prime p with p > 2! and then ap ∈ L3

has length ≥ ! and has property (†).]
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Example of a non-regular language

that satisfies the ‘pumping lemma property’

L
def
= {cmanbn | m ≥ 1 and n ≥ 0}

∪

{ambn | m,n ≥ 0}

satisfies the pumping lemma property on Slide 29 with ! = 1.

[For any w ∈ L of length ≥ 1, can take u1 = ε, v = first letter of w,

u2 = rest of w.]

But L is not regular. [See Exercise 5.4.2.]
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