
Transitive Closure

The set of rule instances TC(R) for the transitive closure of
a relation R ⊆ U×U is given by

(a, b)
(a, b) ∈ R

(a, b) (b, c)

(a, c)

Claim: ITC(R) = R+ R+ =def

⋃

n∈N R
n
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Exercise:

1. Write the closure property of the inductively defined set
ITC(R).

2. Write the principle of induction for the inductively
defined set ITC(R).

3. Use the above to show that

∀z ∈ U. (y, z) ∈ ITC(R) ⇒ (x, z) ∈ ITC(R) for all (x, y) ∈ ITC(R)

That is, that ITC(R) is transitive.
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Derivation Trees
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Induction on Derivations

Let P be a property of derivations.

If
P holds for all axioms (∅/y)

and

for each rule instance
(

{x1, . . . , xn}/y
)

,

for all derivations di of xi for 1 ≤ i ≤ n, P holding
for d1, . . . , dn implies that P holds for

(

{d1, . . . , dn}/y
)

then

P holds for all derivations

Fundamental Property:
An element is in IR iff there is an R-derivation of it.
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