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Rule Instances

◮ Rule instances are pairs
(

X/y
)

where X is a set of premises and y is a conclusion.

◮ A set of rule instances R specifies a way to build a set:

Each rule instance (X/y) in R, stipulates that

if all the elements of X are in the set then so is y.

◮ There is a least set with the above property! We denote
it IR and called it the set inductively defined by the rule
instances R.
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Closed Sets
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Inductively-Defined Sets
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General Principle of Rule Induction

For IR the set inductively defined by a set of rule instances R,
if

for each rule instance (X/y) in R,
(

∀x ∈ X. x ∈ IR & P(x)
)

⇒ P(y)

then

P(z) holds for all z ∈ IR
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Finitary Rule Instances
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Finitary Closure

For IR the set inductively defined by a set of finitary rule
instances R,

for each axiom ( /y),
y ∈ IR

and

for each rule instance
(

{x1, . . . , xn}/y
)

,
if xi ∈ IR for all 1 ≤ i ≤ n then y ∈ IR
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Finitary Principle of Rule Induction

For IR the set inductively defined by a set of finitary rule
instances R,
if

for each axiom ( /y),
P(y) holds

and

for each rule instance
(

{x1, . . . , xn}/y
)

,
xi ∈ IR and P(xi) for all 1 ≤ i ≤ n implies P(y)

then

P(z) holds for all z ∈ IR
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Examples:

◮ Principle of mathematical induction

If
P(zero) holds

and

for all n ∈ INat, P(n) ⇒ P
(

succ(n)
)

then

P(k) holds for all k ∈ INat
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◮ Principle of induction for strings

If
P(ε) holds

and

for each character a,
for all s ∈ IString, P(s) ⇒ P(a.s)

then

P(w) for all w ∈ IString
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◮ Principle of induction for Boolean propositions.

If
P(a) holds, for all propositional variables a

and

P(T) holds

and

P(F) holds

and
for all A,B ∈ IBoolProp, P(A) & P(B) ⇒ P(A∧ B)

and
for all A,B ∈ IBoolProp, P(A) & P(B) ⇒ P(A∨ B)

and

for all A ∈ IBoolProp, P(A) ⇒ P(¬A)

then

P(X) holds for all X ∈ IBoolProp
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Exercise: Write the principle of induction for the inductively
defined set of regular expressions given by the rules:

a
a a symbol

ε ∅

r s

r | s

r s

r.s

r

r∗
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Transitive Closure

The set of rule instances TC(R) for the transitive closure of
a relation R ⊆ U×U is given by

(a, b)
(a, b) ∈ R

(a, b) (b, c)

(a, c)

Claim: ITC(R) = R+ R+ =def

⋃

n∈N R
n
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