
Unordered pairs:

For every two objects x0 and x1, we can form the set

{ x0, x1 }

Example:

{ 0 , {0,1 } }
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Unordered pairs:

For every two objects x0 and x1, we can form the set

{ x0, x1 }

Example:

{ 0 , {0,1 } }

Indexed sets:

For every collection of objects xi for i ranging over a set I,
we can form the set

{ xi | i ∈ I }
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Union:

For every two sets X and Y, we can form the set

X ∪ Y =def {a | a ∈ X or a ∈ Y }

consisting of their union.
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Union:

For every two sets X and Y, we can form the set

X ∪ Y =def {a | a ∈ X or a ∈ Y }

consisting of their union.

Big union:

For every set of sets S, we can form the set
⋃

S =def {a | a ∈ X for some X ∈ S }

Example: The notation
⋃

i∈I Xi stands for
⋃

{Xi | i ∈ I}.
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Intersection:

For every two sets X and Y, we have the set

X ∩ Y =def {a ∈ X | a ∈ Y }
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Intersection:

For every two sets X and Y, we have the set

X ∩ Y =def {a ∈ X | a ∈ Y }

Big intersection:

For every non-empty set of sets S, we have the set
⋂

S =def

{
a ∈

⋃

S
∣

∣ ∀X ∈ S. a ∈ X
}

Example: The notation
⋂

i∈I Xi stands for
⋂

{Xi | i ∈ I}.
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Product:

For every two sets X and Y, we have the set

X× Y =def

{
(a, b)

∣

∣a ∈ X and b ∈ Y
}

where (a, b) =def

{
a, {a, b}

}
∈ P

(

P(X ∪ Y)
)

.
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Product:

For every two sets X and Y, we have the set

X× Y =def

{
(a, b)

∣

∣a ∈ X and b ∈ Y
}

where (a, b) =def

{
a, {a, b}

}
∈ P

(

P(X ∪ Y)
)

.

Sums or (disjoint union):

For every two sets X and Y, we have the set

X+ Y =def

(

{0}× X
)

∪
(

{1}× Y
)

Example: [m] + [n]
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Relations:

For every pair of sets X and Y, we have the set

P(X× Y)

of relations from X to Y.

Example: P
(

[m]× [n]
)
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Relations:

For every pair of sets X and Y, we have the set

P(X× Y)

of relations from X to Y.

Example: P
(

[m]× [n]
)

Partial functions:

For every pair of sets X and Y, we have the set

(X⇀⇀Y) =def { f ∈ P(X× Y) | f is a partial function }

of partial functions from X to Y.

Example:
(

[m]⇀⇀ [n]
)
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Functions:

For every pair of sets X and Y, we have the set

(X ⇒ Y) =def { f ∈ P(X× Y) | f is a function }

of functions from X to Y.

Example:
(

[m] ⇒ [n]
)
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Functions:

For every pair of sets X and Y, we have the set

(X ⇒ Y) =def { f ∈ P(X× Y) | f is a function }

of functions from X to Y.

Example:
(

[m] ⇒ [n]
)

Indexed product:

For every collection of sets Xi ranging over a set I, we have
the indexed product set

∏
i∈I Xi =def

{
f ∈ (I ⇒

⋃

i∈I Xi)
∣

∣ ∀i ∈ I. f(i) ∈ Xi

}
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Indexed sum:

For every collection of sets Xi ranging over a set I, we have
the indexed sum set

∑
i∈I Xi =def

⋃

i∈I

(

{i}× Xi

)
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Indexed sum:

For every collection of sets Xi ranging over a set I, we have
the indexed sum set

∑
i∈I Xi =def

⋃

i∈I

(

{i}× Xi

)

Finite sequences (or strings):

For a set X, we have the set of finite sequences

X⋆ =def

∑
n∈N0

Xn

NB: If A is countable then so is A⋆.
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Calculus of Bijections

[1]×A ∼= A , (A×B)×C ∼= A× (B×C) , A×B ∼= B×A
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Calculus of Bijections

[1]×A ∼= A , (A×B)×C ∼= A× (B×C) , A×B ∼= B×A

[0] +A ∼= A , (A+B)+C ∼= A+(B+C) , A+B ∼= B+A
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Calculus of Bijections

[1]×A ∼= A , (A×B)×C ∼= A× (B×C) , A×B ∼= B×A

[0] +A ∼= A , (A+B)+C ∼= A+(B+C) , A+B ∼= B+A

(∑
i∈IAi

)

× B ∼=
∑

i∈I(Ai × B) , [0]× B ∼= [0]
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Calculus of Bijections

[1]×A ∼= A , (A×B)×C ∼= A× (B×C) , A×B ∼= B×A

[0] +A ∼= A , (A+B)+C ∼= A+(B+C) , A+B ∼= B+A

(∑
i∈IAi

)

× B ∼=
∑

i∈I(Ai × B) , [0]× B ∼= [0]

(

A ⇒ (
∏

i∈I Bi)
)

∼=
∏

i∈I

(

A ⇒ Bi

)

, A ⇒ [1] ∼= [1]
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Calculus of Bijections

[1]×A ∼= A , (A×B)×C ∼= A× (B×C) , A×B ∼= B×A

[0] +A ∼= A , (A+B)+C ∼= A+(B+C) , A+B ∼= B+A

(∑
i∈IAi

)

× B ∼=
∑

i∈I(Ai × B) , [0]× B ∼= [0]

(

A ⇒ (
∏

i∈I Bi)
)

∼=
∏

i∈I

(

A ⇒ Bi

)

, A ⇒ [1] ∼= [1]

((∑
i∈IAi

)

⇒ B
)

∼=
∏

i∈I

(

Ai ⇒ B
)

, [0] ⇒ B ∼= [1]
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A ∼=
∑

a∈A[1]
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A ∼=
∑

a∈A[1]

(

[1] ⇒ A
)

∼= A , (A ⇒ B) ∼=
∏

a∈A B
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A ∼=
∑

a∈A[1]

(

[1] ⇒ A
)

∼= A , (A ⇒ B) ∼=
∏

a∈A B

(

(A× B) ⇒ C
)

∼=
(

A ⇒ (B ⇒ C)
)
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A ∼=
∑

a∈A[1]

(

[1] ⇒ A
)

∼= A , (A ⇒ B) ∼=
∏

a∈A B

(

(A× B) ⇒ C
)

∼=
(

A ⇒ (B ⇒ C)
)

P(A) ∼=
(

A ⇒ [2]
)

,
(

A ⇒ P(B)
)

∼= P(A× B)
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A ∼=
∑

a∈A[1]

(

[1] ⇒ A
)

∼= A , (A ⇒ B) ∼=
∏

a∈A B

(

(A× B) ⇒ C
)

∼=
(

A ⇒ (B ⇒ C)
)

P(A) ∼=
(

A ⇒ [2]
)

,
(

A ⇒ P(B)
)

∼= P(A× B)

P
(∑

i∈IAi

)

∼=
∏

i∈I P
(

Ai

)
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A ∼=
∑

a∈A[1]

(

[1] ⇒ A
)

∼= A , (A ⇒ B) ∼=
∏

a∈A B

(

(A× B) ⇒ C
)

∼=
(

A ⇒ (B ⇒ C)
)

P(A) ∼=
(

A ⇒ [2]
)

,
(

A ⇒ P(B)
)

∼= P(A× B)

P
(∑

i∈IAi

)

∼=
∏

i∈I P
(

Ai

)

(A⇀⇀B) ∼=
(

A ⇒
(

B+ [1]
))

,
(

A⇀⇀[1]
)

∼= P(A)
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A ∼=
∑

a∈A[1]

(

[1] ⇒ A
)

∼= A , (A ⇒ B) ∼=
∏

a∈A B

(

(A× B) ⇒ C
)

∼=
(

A ⇒ (B ⇒ C)
)

P(A) ∼=
(

A ⇒ [2]
)

,
(

A ⇒ P(B)
)

∼= P(A× B)

P
(∑

i∈IAi

)

∼=
∏

i∈I P
(

Ai

)

(A⇀⇀B) ∼=
(

A ⇒
(

B+ [1]
))

,
(

A⇀⇀[1]
)

∼= P(A)

((A× B)⇀⇀C) ∼=
(

A ⇒ (B⇀⇀C)
)
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More examples:

◮

(

A ⇒ (B ⇒ C)
)

∼=
(

B ⇒ (A ⇒ C)
)

◮ P(N)× P(N) ∼= P(N)
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