
Countable Sets

The prototypical infinite countable sets: N0, N.

For a set S, the following are equivalent:

1. S is finite or there is a bijection N → S.

2. There is a bijection A → S for A ⊆ N.

3. There is an injection S → N.

4. S is empty or there is a surjection N → S.

Countable sets are those for which the above hold.
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Examples:

◮ N, N0, Z.

◮ N0 × N0, Q.

◮ A× B for A and B countable.

◮ An for A countable and n ∈ N0.
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Uncountable Sets
– diagonalisation —
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Chapter 4

Reading list:

4.1 Russell’s paradox

4.2 Constructing sets

4.3 Some consequences

Suggested exercises: 4.4, 4.5, 4.6, 4.7, 4.8, 4.9
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Russell ′s Paradox

The construction { x | x 6∈ x } should not yield a set!
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Constructions on Sets

Basic sets:

◮ {0,1 }

◮ { a, b, c, . . . , x, y, z }

◮ N0 =def { 0, 1, 2, . . .}
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Comprehension:

For every set X and property P(x) for x ranging over X, we
can form the set

{
x ∈ X

∣

∣P(x)
}

Example:

{ 2m + 1 | m ∈ N and m > 1 }

/55



Powerset:

For every set X, we can form the set

P(X) =def {S | S ⊆ X}

consisting of all the subsets of X.
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