
◮ Comprehension:

{ x | P(x) } , { x ∈ X | P(x) }
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◮ Membership, inclusion, equality:

x ∈ X , X ⊆ Y, , X = Y

/14



◮ Powerset:

P(U)
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Example: P
(

{⊥,+,⊤}
)
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The Boolean algebra of sets

( P(U) , ∅ , U , ∪ , ∩ , (·)c )
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The Boolean algebra of sets

( P(U) , ∅ , U , ∪ , ∩ , (·)c )

NB: For all X, Y ∈ P(U),

X ∪ Y = Y iff X ⊆ Y iff X ∩ Y = X
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◮ The union operation ∪ and the intersection operation ∩

are associative, commutative, and idempotent.
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◮ The empty set ∅ is a neutral element for ∪ and the
universal set U is a neutral element for ∩.
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◮ With respect to each other, the union operation ∪ and
the intersection operation ∩ are absorptive and
distributive.
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◮ The complement operation (·)c satisfies
complementation laws.
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NB: For all X, Y ∈ P(U),

Xc = Y iff
(

X ∪ Y = U and X ∩ Y = ∅
)
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De Morgan ′s Laws
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Sets and Logic

P(U) {0, 1}

∅ 0

U 1

∪ ∨

∩ ∧

(·)c ¬(·)
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Chapter 3

Reading list:

3.1 Ordered pairs and products

3.2 Relations and functions

3.3 Relations as structure

3.3.1 Directed graphs

3.3.2 Equivalence relations

3.4 Size of sets

Suggested exercises: 3.1, 3.4, 3.5, 3.6, 3.10, 3.12, 3.17,
3.18, 3.21, 3.33, 3.36.
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Product of Sets

Ordered pairs:

The ordered pairing of a and b is denoted (a, b).

NB: (a, b) = (x, y) iff a = x and b = y
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Product of Sets

Ordered pairs:

The ordered pairing of a and b is denoted (a, b).

NB: (a, b) = (x, y) iff a = x and b = y

Product construction:

A× B =def

{
(a, b) | a ∈ A and b ∈ B

}
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? What is the cardinality of the product of two finite sets?
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? What is the cardinality of the product of two finite sets?

? (A× B) ∪ (C×D)
?
= (A ∪ C)× (B ∪D)?
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Relations

◮ A relation R from a set A to a set B is a subset of the
product set A× B; that is,

R ⊆ A× B

or equivalently

R ∈ P(A× B)

NB: Relations come with a domain and a codomain.

Examples: . . .
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? Given a relation from A to B, is there a natural way in
which to induce a relation from B to A?
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