An answer to Exercise 4.9

For any two sets X and Y, with Y containing at least two elements, there cannot
be an injection from the set of functions (X — Y') to the set X.

(1) For every set X, there is no injection P(X) — X.

Proof. Aiming at a contradiction, let f : P(X) — X be an injective function (that is, such
that f(A) = f(B) implies A = B for all A, B € P(X)).
Then, for

W =4t {z€X |3Z€P(X).2=f(Z)and f(Z)€ Z} € P(X)
we have the following contradiction
fw)yew
— 3ZecP(X). f(W)=f(Z) and f(Z) & Z
— fW)¢Ww

where the first equivalence follows from the definition of W and the second one from the
injectivity of f.

(7i) If a set Y has at least two distinct elements then there is an injection P(X) — (X — Y).

Proof. For yg and y; two distinct elements of Y, define first the function
t:(X—={T,F}) > (X =Y)

given by
t =get Af € (X — {T,F}).\x € X. if f(z) then y; else yp

and check that it is injective (for which you will need to use that yo # y1).
Consider then the composite function

tox:P(X)—=(X—=Y),
for x : P(X) — (X —{T,F}) the bijection of Exercise 4.8.

(7i7) There is no injection from (X — Y') to X when Y has at least two distinct elements.

Proof. If there were an injective function f : (X — Y) — X then the composite function
fotox:P(X)— X would be injective, contradicting (7).



