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Denotational Semantics

(a) (i) Define the notion of contextual equivalence in PCF. [2 marks]

(ii) Consider the following two closed PCF terms of type nat! nat! nat.

F
def= fix

�
fn f : nat! nat! nat. fnx : nat. fn y : nat.

if zero(x) then 0

else if zero(y) then 0

else succ

�
f (pred x) (pred y)

� �

G
def= fix

�
fn g : nat! nat! nat. fnx : nat. fn y : nat.

if zero(y) then 0

else if zero(x) then 0

else succ

�
g (pred x) (pred y)

� �

Are F and G contextually equivalent? Justify your answer. [5 marks]

(b) (i) Define a closed PCF term H : (nat! nat! nat)! nat! nat! nat

such that [[fix(H)]] 2
�
N? ! (N? ! N?)

�
satisfies

[[fix(H)]] (i) (j) = max(i, j)

for all i, j 2 N. [4 marks]

(ii) Let

S
def= { f 2

�
N? ! (N? ! N?)

�
| f(x)(y) = f(y)(x) for all x, y 2 N? }

Show that the subset S ✓
�
N? ! (N? ! N?)

�
is admissible. [4 marks]

(iii) Show that
[[fix(H)]] (x) (y) = [[fix(H)]] (y) (x)

for all x, y 2 N?. [5 marks]

[Hint: Use Scott’s Fixed-Point Induction Principle.]

1



Contextual equivalence of PCF terms

Given PCF terms M1,M2, PCF type τ , and a type

environment Γ, the relation Γ ⊢ M1
∼=ctx M2 : τ

is defined to hold iff

• Both the typings Γ ⊢ M1 : τ and Γ ⊢ M2 : τ hold.

• For all PCF contexts C for which C[M1] and C[M2] are

closed terms of type γ, where γ = nat or γ = bool ,

and for all values V : γ,

C[M1] ⇓γ V ⇔ C[M2] ⇓γ V.
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PCF denotational semantics — aims

• PCF types τ 7→ domains [[τ ]].

• Closed PCF terms M : τ 7→ elements [[M ]] ∈ [[τ ]].

Denotations of open terms will be continuous functions.

• Compositionality.

In particular: [[M ]] = [[M ′]] ⇒ [[C[M ]]] = [[C[M ′]]].

• Soundness.

For any type τ , M ⇓τ V ⇒ [[M ]] = [[V ]].

• Adequacy.

For τ = bool or nat , [[M ]] = [[V ]] ∈ [[τ ]] =⇒ M ⇓τ V .
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Chain-closed and admissible subsets

Let D be a cpo. A subset S ⊆ D is called chain-closed iff

for all chains d0 ⊑ d1 ⊑ d2 ⊑ . . . in D

(∀n ≥ 0 . dn ∈ S) ⇒
( ⊔

n≥0

dn

)

∈ S

If D is a domain, S ⊆ D is called admissible iff it is a

chain-closed subset of D and ⊥ ∈ S.
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Scott’s Fixed Point Induction Principle

Let f : D →D be a continuous function on a domain D.

For any admissible subset S ⊆ D, to prove that the least

fixed point of f is in S, i.e. that

fix (f) ∈ S ,

it suffices to prove

∀d ∈ D (d ∈ S ⇒ f(d) ∈ S) .
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