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Denotational semantics of PCF types
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[nat] N, (flat domain)

[bool] & B, (flat domain)

where N = {0,1,2,...} and B = {true, false}.
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Denotational semantics of PCF types

J(\ﬁ}bs T ot WW Fo  dwmains )I—CW

def

[bool] & B, (flat domain) \\ |

x e %\% L

/
where N = {0,1,2,...} and B = {true, false}.

We need L to e & meanivy to Feams like
Piss (fax : nak. suee(x) )
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Denotational semantics of PCF types

def

[nat] = N (flat domain)
[bool] = (flat domain)
[T — T']]déf [7] — [7] (function domain).
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Denotational semantics of PCF type environments

Ml S Thedomm @1 produckt # domarns
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Denotational semantics of PCF type environments

M1 = Thedomm @] product # Jomarns
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Denotational semantics of PCF type environments

] © [ecaomm) [T'(z)]  @-environments)

= the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [['(x)] forall x € dom(I")
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Denotational semantics of PCF type environments

[T © [Lecaomm [I(z)]  (I-environments)

= the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [['(x)] forall x € dom(I")

For the empty type environment (),

o= () e

where L denotes the unique partial function with

dom(L) = 0.
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Denotational semantics of PCF

To every typing judgement

I'=M:7
we associate a continuous function

II'F M :[C] — [7]
between domains.
For eadn peLM] we ge an ot
[remdp) € Lol

WA s confinwons e P

75
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{x:m/c, %:m/c-)ym,(;);,z : nmk} - me(x}ﬂMmy,x dse 2 : nat



Fov Q/xowvx\o\@

{x:mlc, %:M/C-)ym/c);,z : nmk} = fFEC/rv(x}megx dse 2 : nNat
— _ — \— !
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FDY Q/xowvx\o\@

{x:mlc, %:M/C-)ym/c);,z : nmk} = fFEC/rv(x}megx dse 2 : nNat
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Denotational semantics of PCF

To every typing judgement
I'=M:7

we associate a continuous function

[U=M] - [T] = [7]
between domains.
D%V\{Hm\ 'S \oZL Nk hon on s Stactue GQ M)
or guaralntly, onti derivalion of T Mm:T
from e fyping rwhes  (p 5%)
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Denotational semantics of PCF terms, |

[T 0](p) ¥ 0 € [nat]

[ F true](p) L true [bool]

[I" F false]|(p) © false € [bool]

funidions *(j-’ D — £ Hab owe
Constant (Y d,d'eD. £(d) = f1d")

Oxt  Conhimuous.
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Denotational semantics of PCF terms, |

[T 0](p) ¥ 0 € [nat]

[ F true](p) L true [bool]

[I" F false]|(p) © false € [bool]

[T 2](p)€ p(z) € [C(x)] (2 € dom(T))

T Proye o ﬁ/\r\o@t'ws (d, . d.) 1 6(10‘

dut.  Conbnuows.
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Denotational semantics of PCF terms, Il

[I" = succ(M)](p)

der [ [T M](p)+1 [T+ M](p) # L
it [+ M](p) = L

= 3
L

\
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Denotational semantics of PCF terms, Il

[I" = succ(M)](p)

def

= 3

[T+ M](p) +1 if [T - M](p) # L

1 if [’ = M](p) =L

\

[I" F pred(M)](p)

def

So

<

\

[T+ M](p) — 1 if [T = M](p) >

1 if [[' = M](p)

LM Fped) = p LT Fm ]
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Denotational semantics of PCF terms, Il

[I" = succ(M)](p)

et [ITFM](p) +1 it [I'F M](p) # L
L it [+ M](p) = L

\

[I" F pred(M)](p)

at [T M](p) =1 [ F M](p)
1 if [I' = M](p)

{true if [[' = MJ](p) =0

>

0
0, L

\

def

|II' = zero(M)|(p) = | false if[I' = M](p) >0

Ny L H[rE M) = L
L&) =2(MFm] dee Z 8- B, s
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Denotational semantics of PCF terms, Il

II" = if M7 then M, else Ms|(p)
f [T = Mo](p) it [I'F Mi](p) = true
= [0+ Ms)(p) [T F Mil(p) = false
1 it [I' = Mi](p) = L

S0
] = oL Urem D, 0rem T, 0 rFmy 3>
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Denotational semantics of PCF terms, Il

II" = if M7 then M, else Ms|(p)

{[[T - M (p) it [I'F Mi[(p) = true

def

[T Ms|(p) it [I'F Mi](p) = false
1 it [T = Mi](p) = L

[T+ My Ma](p) << ([T F Mi](p)) ([T + Ma](p))
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Denotational semantics of PCF terms, Il

II" = if M7 then M, else Ms|(p)
{[[T - M (p) it [I'F Mi[(p) = true

def

[T Ms|(p) it [I'F Mi](p) = false
1 if [[" = M| 1

Y

S

N——"
|

[T+ My Ma](p) << ([T F Mi](p)) ([T + Ma](p))

So
LT =M, MZU: @NO<[F)“M\])ED‘N&]>
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Denotational semantics of PCF terms, IV

I'Ffax:7.M|(p)

L\ € I7]. [Tz — 7| = M](plx — d]) (¢ domi(D)

NB: plz — d] € [I'|x — 7] is the function mapping x to d € [7]
and otherwise acting like p.
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Arm so is
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(+n)

1

:%Ht] FM: T

rf"?V\JL:'C. M :T-T'

it x ¢ dom(T")




f:xbt] FM: T
rf"PV\JL:'C.M T

it x ¢ dom(T")

(+n)
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(+n)

f:xbt] FM: T

it x ¢ dom(T")
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it x ¢ dom(T")
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Denotational semantics of PCF terms, IV

I'Ffax:7.M|(p)

L\ € I7]. [Tz — 7| = M](plx — d]) (¢ domi(D)

NB: plz — d] € [I'|x — 7] is the function mapping x to d € [7]
and otherwise acting like p.
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Denotational semantics of PCF terms, V

[T+ fix(M)](p) € fiz([T + M](p))

do [r' = Rx(/\/ﬁj = )C\x o [W/{\/\ﬂ
B

Recall that fix is the function assigning least fixed points to continuous

functions.
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Re (ad <ka1>3

Continuity of the fixpoint operator

Let ) be a domain.

By Tarski’s Fixed Point Theorem we know that each
continuous function f € (D — D) possesses a least

fixed point, fiz(f) € D.
Proposition. The function
fir : (D—D)— D

IS continuous.



