Cpo’s and domains

A chain complete poset, or cpo for short, is a poset (D, E) in
which all countable increasing chains dg = d1 T dy C ... have
least upper bounds, | |~ dn:

Vm > 0.d,, C |_|dn (lub1)
n>0
VdeD.(Vvm>0.dp Cd) = | |daTd. (ub2)
n>0

A domain is a cpo that possesses a least element, | :

Vvde D. 1l Cd.

"lub' = least wppes bownd
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Continuity and strictness

e If D and E are cpo’s, the function f is continuous iff
1. it is monotone, and

2. it preserves lubs of chains, i.e. for all chains
do C di C ... inD,itisthe case that

Qf(LJ dn) = LJ f(dp) inE.

n>0 n>0
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Continuity and strictness

e If D and E are cpo’s, the function f is continuous iff

1. it is monotone, and NE
| | ) <5Hd)

2. it preserves lubs of chains, i.e. for all chains i ’C '
I S
do C di C ... inD,itisthe case that C
, _ - 2
] s wmn&kmﬁ
(| | do) = | | £(dn) inE: J

n>0 n>0

ve i dis U, d T (U, 4
— UEZQ@(&()“{(U/\%}/\\
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Continuity and strictness

e If D and E are cpo’s, the function f is continuous iff
1. it is monotone, and

2. it preserves lubs of chains, i.e. for all chains
do C di C ... inD,itisthe case that

f(udn): u f(dp) inE.

n>0 n>0

ve i disU,d T (U, 4
— L‘IIZQ@(&(»“HUA%}/\}
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Continuity and strictness

e If D and E are cpo’s, the function f is continuous iff
1. it is monotone, and

2. it preserves lubs of chains, i.e. for all chains
do C di C ... inD,itisthe case that

Qf(LJ dn) = LJ f(dp) inE.

n>0 n>0

e If D and E have least elements, then the function f is strict
iff f(L)= L.
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Tarski’s Fixed Point Theorem

Let f : D — D be a continuous function on a domain ). Then

e f possesses a least pre-fixed point, given by

fir(f) = | | £m(L).

n>0

e Moreover, fix(f) is a fixed point of f, i.e. satisfies

f(fiz(f)) = fiz(f), and hence is the least fixed point of f.

)21

ore {f"‘*‘(u S P )
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Pre-fixed points

Let D be aposetand f : D — D be a function.

An element d € D is a pre-fixed point of f if it satisfies

f(d) C d.

The least pre-fixed point of f, if it exists, will be written
fix(f)
It is thus (uniquely) specified by the two properties:

f(fix(f)) E fix(f) (Ifp1)
vde D. f(d)CTd = fiz(f) Cd. (Ifp2)
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Example
Domain D =(P(N), S (same as N — 1)

funcdion ,(2 . D — D
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Exnmple
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Fixed point property of
[while B do C]

[while B do C] = fip) jc7([while B do C])

where, for each b : State — {true, false} and we now know Hr's
c : State — State, we define /1S @ 0omann

o
fo.c: (State — State) —{ (State — State)

as
fo.c = Aw € (State — State). \s € State.

if (b(s), w(c(s)), s).

e Why does w = fip] [c7(w) have a solution?

e \What If it has several solutions—which one do we take to be

[while B do C]?
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Fixed point property of
[while B do (]

[while B do C] = fipy jc1([while B do C])

where, for each b : State — {true, false} and
c : State — State, we define

fo.c @ (State — State) — (State — State)
as

fo.c = Aw € (State — State). \s € State.

if (b(s), w(c(s)), s).

[aesKTs Tneorem
QWhy does w = frp],[c7(w) have aWV\/@/@ S Wfb c

— : _ 'S COnH A lony )
e \What If it has several solutions—which one do we take to be

[while B do C|? x@ <YN€/\ Lol PW\JV
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Continu

.‘7 JF fb,c

Swppose G SCGEG S In Shode —~ Shale

ﬁ,c (UG )= AseStade. if (b(s), (Upyotn)(cls) g>
ok s

-(:b\c (UV\ZOC"\) =

L

(s,8")
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Cn (87) =S
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Cowl'inui'\y, GF fb,c

Swppose G SCGEG S In Shode —~ Shale

ﬁ,c (UG )= AseStade. if (b(s), (Upyotn)(cls) g>
ok s

h TInzo. bs)=tme o ds" (5)=5"n
(VARARL GO/ O (5") =5
L bis)=fake A s=¢'

— Umzo{(s)sql ]]C(b(S),C;\(C[S)),S ):gl}

= vY\Zu ﬁo,c (CV\) &E:D



[while B do C]

[while B do C7

l:(ﬁgj(f[[B]]’[[C]]) /TOWS\Q Tt
= Unzo fim1001" (L) p

e (00
Oysesme ]
( [C]*(s) ifk > 0issuchthat [B]([C]*(s)) = false
< and [B]([C]*(s)) = trueforall 0 < i < k

| undefined if [B]([C]*(s)) = true foralli > 0
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