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Thesis

All domains of computation are
partial orders with a least element.

All computable functions are
mononotic.
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Partially ordered sets

A binary relation L on a set D is a partial order iff it is
reflexive: Vd € D. d C d
transitive: Vd,d',d" €¢ D.dCd Cd'=dC d"
anti-symmetric: Vd,d' ¢ D.dCd CTd=d=4d"

Such a pair (D, E) Is called a partially ordered set, or poset.
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Partially ordered sets

A binary relation L on a set D is a partial order iff it is
reflexive: Vd € D. d C d
transitive: Vd,d',d" €¢ D.dCd Cd'=dC d"
anti-symmetric: Vd,d' ¢ D.dCd CTd=d=4d"

Such a pair (D, C) is called a partially ordered set, or poset.
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Examples of posets
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.
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Notation:
> "f(x) =y" means (x,y) € f
> “f(x)1" means Iy € Y (f(x) =)
> “f(x)1" means =3y €Y (f(x) =y) {(x)is undefined

» XY = set of all partial functions from X to Y

Definition. A partial function from a set X to aset Y
is specified by any subset f C X X Y satisfying

(xy)€Efr(xy)ef—y=Yy
forallx € X and y,y’ € Y.




Notation:

> "f(x) = y" means (x,) € f
» “f(x)]" means dy € Y (f(x) =y)
> “f(x)7" means =3y € Y (f(x) =y)
» dowm(f) =¢xe x| fO LY
graph(£) = { (w)eXxV | {»(1):&} = JC

Definition. A partial function from a set X to a set Y
is specified by any subset f C X X Y satisfying

(xy)€Efr(xy)ef—y=Yy
forallx € X and y,y’ € Y.




Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg iff dom(f)C dom(g)and

Ve € dom(f). f(x) = g(x)
it graph(f) C graph(g)

t f=a
(e adawhfy pachial funchons vath Tnair graphs)
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Monotonicity

e Afunction f : D — E between posets is monotone iff

Vd,d' € D.dC d = f(d) C f(d).

(f monotone)
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Least Elements

Suppose that D is a poset and that .S is a subset of D.

An element d € S is the least element of .S if it satisfies

VeeS.dC x .

e Note that because L is anti-symmetric, .S has at most one
least element.

e Note also that a poset may not have least element.
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Pre-fixed points

Let D be aposetand f : D — D be a function.

An element d € D is a pre-fixed point of f if it satisfies

f(d) C d.

The least pre-fixed point of f, if it exists, will be written
fix(f)
It is thus (uniquely) specified by the two properties:

f(fix(f)) E fix(f) (Ifp1)
vde D. f(d)CTd = fiz(f) Cd. (Ifp2)
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Proof principle

2. Let D be aposetandlet f : D — D be a function with a
least pre-fixed point fiz(f) € D.
For allx € D, to prove that fiz(f) C x it is enough to
establish that f(x) C .
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2. Let D be aposetandlet f : D — D be a function with a
least pre-fixed point fiz(f) € D.
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Proof principle

flfix(f)) E fiz(f)

2. Let D be aposetandlet f : D — D be a function with a
least pre-fixed point fiz(f) € D.
For allx € D, to prove that fiz(f) C x it is enough to
establish that f(x) C .

29



Least pre-fixed points are fixed points

If it exists, the least pre-fixed point of a monokyne function on a
partial order is necessarily a fixed point.

e, Fix(f) sakishes  FCHx(P)) = b (f)
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Least pre-fixed points are fixed points

If it exists/the least pre-fixed point of a mononote function on a

partial order is necessarily a fixed point.

e, Fix(f) sakhishies  F(Fx(P) = i (f)

30



Thesis™

All domains of computation are
complete partial orders with a least element.

All computable functions are
continuous.

Q%\mmv&ees that least fixed points alwasys p/x;sxc)
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Cpo’s and domains

A chain complete poset, or cpo for short, is a poset (D, E) in
which all countable increasing chains dg = d1 T dy C ... have
least upper bounds, | |~ dn:

Vm > 0.d,, C |_|dn (lub1)
n>0
VdeD.(Vvm>0.dp Cd) = | |daTd. (ub2)
n>0

A domain is a cpo that possesses a least element, | :

Vvde D. 1l Cd.
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o C Lo (¢ > 0 and (x,) achain) Wb |

Vn>0.x2, Cx
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((z;) a chain) lub o
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Non-Example o Cpo
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Example o cpo
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg iff dom(f)C dom(g)and

Ve € dom(f). f(x) = g(x)
it graph(f) C graph(g)
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg iff dom(f)C dom(g)and

v € dom(f). f(x) = g(x)
ift  graph(f) C graph(g)
Lub of chain fy C f; C fo T ... is the partial function f with
dom(f) = UnZO dom/( f,) and

(fn(x) if v € dom(f,), some n

flz) = <

\ undefined otherwise
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg iff dom(f)C dom(g)and

v € dom(f). f(x) = g(x)
ift  graph(f) C graph(g)
Lub of chain fy C f; C fo T ... is the partial function f with
dom(f) = UnZO dom/( f,) and

(fn(x) if v € dom(f,), some n

flz) = <

\ undefined otherwise

Least element _| is the totally undefined partial function.
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Some properties of lubs of chains

Let D be a cpo.
1. Forde D,| | d=d.

2. Foreverychaindg C diC...Cd, C...inD,
len — leN—I—n
n n

forall N € N.
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3. Forevery pairofchainsdg " dy C ... C d, C ...and
eoleg...Ce,C...inD,

if d,, C ey forallm € Nthen| | d, T || en.
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3. Forevery pairofchainsdg " dy C ... C d, C ...and
eoleg...Ce,C...inD,

if d,, C ey forallm € Nthen| | d, T || en.

((xy) and (y,) chains)
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Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements d, ., € D (m,n > 0) satisfies

m<m &n<n = Amn & dpy - (T)
Then
| |dow © | |din T | |dam T ...
n>0 n>0 n>0
and

Ll dm,() L Ll dm,l L Ll dm,S L ...

m>0 m>0 m>0
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Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements d, ., € D (m,n > 0) satisfies

m<m &n<n = Amn & dpy - (T)
Then
| | dow T | |din & | |dom £ ...
n>0 n>0 n>0
and
| | dmo © | | dmg & | | dms T ...
m20 m >0 m>0
Moreover

L { L dmn ) = [ dir=[] | L] dma

m>0 \n>0 k>0 n>0 \m>0
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