Exk\ns IOV\ a,\f"\ﬂ/
{PB\% ok S_e,é[/]



Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M tobe My Mo, fix(M').

2. SO we proceed to prove a stronger statement that applies to
terms of arbitrary types and implies adequacy.

This statement roughly takes the form:

[M] <1 M for all types 7 and all M € PCF ;.

where the|formal approximation relations

<r C [7] x PCF-

are logically chosen to allow a proof by induction.
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Definitionof d < M (d € [7], M € PCF,)
dEIN

\ d=L1 v (deN £ f\/\U/§mccO[(o) >
d <pg M C}:)ef(dEN = M|, ., succ?(0))

d&@ d=1 v(d=tme &M bbne) v(d=false &
U d Qpoot M E (d = true = M Iy, true) M@ﬁﬂw)

& (d = false = M |},,,; false)

d <, M B VYe,N (e<; N = d(e) < M N)
N\

|

U{GEC/J)% 1<)
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Contextual preorder between PCF terms

Given PCF terms M, M>, PCF type 7, and a type environment
I', the relation | I' = My <.ix Mo : 7 |is defined to hold iff

e Boththe typings ' = My : 7and I' = M5 : 7 hold.

e For all PCF contexts C for which C[M7| and C|M5] are
closed terms of type v, where v = nat or v = bool,
and for all values V' € PCF,,

C[Ml] U’W’V — C[MQ] UWV :

NE - Wy = oM <M, g Mg

o M,
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Contextual preorder from formal approximation

Proposition. For all PCF types 7 and all closed terms
My, My € PCF .,

[[Ml]] A My <— M <.ix Mo : 7.
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M €M :T =D EMTa M,
“Rndareandsd 'pv\v\oqﬂ%\\ £ < oves
ENM] C_c Ml




Mn éd,‘Mz : T = [M\] d‘l’ Mz
Fundamednl fpv\v\oqﬂ%\\ £ < O
ENM] C_c M|
Coun also Pwive (b\a, indmchon 'ZB Hecakc
fd <= M § M(Q%C(\AZ:T,JY(T\M d<. M,

(= vk, st
My €gx My, 2 T-T D YMiT(Mm g My M)
o pvove H<is

’MléC}xN\L:Y X (’\I\‘LI/\/T-?2 /V\\lf V
Mse,g



M €M :T =D EMTa M,
UFW\MWM 'pv\-qwﬂ%“ £ < oves
ENM] C_c Ml
Coun also Pwive (b\a, indmchon ’Z) Hecakc

':%o\a_c M, & M(QO&(\AZ:?,JY(T\M d<. M,

\

< Ce,::&,N\(:—ﬂ {‘o 9«&
M €y M2 T = @Mtﬂdc W,







LMIg. M, = Mg M T

e gok

I (

Y ]]) = ool W W,



LMIg. M, = Mg M T

e gok

Ll Fpq MM,



LMIg. M, = Mg M T

Jo  f H;N\\-ﬂ <L M, ) \02' M.ﬂ\\h‘m aF dtﬂlm)\ft
\~Ne
92/4: [MM\:D dbooe |V\\V\Z

e Q’U’ MV\(HN GF dme (Nb/dzb(t ,



LMIg. M, = Mg M T

Jo  f H;N\\-\U <L M, ) \02' M.ﬂ\\h‘m ()F dtﬂlm)\ft
e gek
[M/\/\\:D dbooe I\/\\V\Z

o Q)w MV\(HN GF dbao@, (Nb/dzb(t
/&V\S\— howd to see HAs is equivelowt (M < g M, 0 T




Contextual preorder from formal approximation

Proposition. For all PCF types 7 and all closed terms
My, My € PCF .,

[[Ml]] A My <— M <.ix Mo : 7.
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Qo (ASM oovl\ anes 4 M, éc,g,(l\/\z S U:M,]]Q W,

O Q{—fkﬁx(%\x:‘c.x> S loast wrk. é’b@x
VMt ( L&y ]\/\:—c>




Qo (ASM oovl\ anes 4 M, éc,g,(l\/\z S U:M,]]Q W,

® Q@ﬁx(%ut.%) S least wrt é—o&
V]\/\:‘C (‘Qé(}x ]\/\I’C>
becamse (L ] = f{x(kd,o{) =L <. M




Qo (ASM oovl\ anes 4 M, éc,g,(l\/\z S U:M,]Q W,

® tov eadh M:To, (M) st ic Least
DR -fixed poivt k. S o

\/N:*C( M N écb(\\}:—c = ‘F{x(l\/\)édy‘\/-’T)




Qo (ASM oovl\ anes 4 M, éc,g,cl\/\z S U:M,]]Q W,

® tov eadh M:T-t, {l\'x(l\/\) T is leant
P -fixed poiek Lk, S

VN ‘C( MN<y Nz = fix (M) S NV 7)

ngg . use e fodk Bt {delD | da_ VT is odmissible .



Qo (ASM oovl\ anes 4 M, éc,g,(l\/\z S [DV\‘]Q W,

® tov eadh M:To (M) st ic Least
DR -fixed poivt k. S o

| \/N:*c( MN<y Nz = wcix(w\)édy‘\/:ﬂ

gva{z . use e fodk Bt {delD | da_ VT is odmissible .
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Qo (ASM oovl\ anes 4 M, éc,g,(l\/\z S U:M‘]]Q W,

® tov eadh M:T-t, {l\'x(l\/\) T is leant
DR -fixed poivt k. S o

| \/N:*c( MN<y Nz = wcix(w\]éogg\/:-c)

gﬂmﬁ . use e fodk Bt {delD | da_ VT is odmissible .
d<s N => ImId)s, MN  Sine (Mo M
= M=, NV Sinw Mgy, N



Sowes usehl. coddlanes & My <o M &M< M,

® tov eadh M:T-t, {l\'x(l\/\) T is leant
pﬁx%{x% Po{v\{‘ AR é(,{.x

| \/N:*c( MN<y Nz = ﬁx(l\/\]é%)\/:r)

gﬂmg . use e fodk Bt {delD | da_ VT is odmissible .
d<s N => ImId)s, MN  Sine (Mo M
= M=, NV Sinw Mgy, N
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Sowes usehl. coddlanes & My <o M &M< M,

® tov eadh M:T-t, {l\'x(l\/\) T is leant
pﬁx%{x% Po{v\{‘ AR é(,{.x

| \VIN:T( M N édx]\}:—c = ‘F{x,(l\l\)éch‘\/:'c)

gﬂmg . use e fodk Bt {delD | da_ VT is odmissible .
d<s N => ImId)s, MN  Sine (Mo M
= M=, NV Sinw Mgy, N
Se Uhix(M)I = £ (TMD) <_ N 192 Svolt Induchion.
Hemos L (w) <@ N T QD



Extensionality properties of < tx

At a ground type y € {bool, nat},
My <ctx Mo : 7y holds if and only if

VVYEPCFfy (Ml%v — MQU/,VV) :

At a function type 7T — 7/,
My <cx Mo : 7 — 7/ holds if and only if

VM € PCF, (MlMSCtX MQM:T,) :
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Extensionality properties of < tx

Ataground type v € {bool, nat},
<ctx Mo : v holds if and only if

D@F (M |,V = MQD

At a function type 7T — 7/,
My <cx Mo : 7 — 7/ holds if and only if

VM € PCF, (MlMéctx MQM:T,) :
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=M U/Mk\/ = Clm, ) ‘U/V\N(: V
= MtV



Extensionality properties of < tx

At a ground type y € {bool, nat},
My <ctx Mo : 7y holds if and only if

V‘/EPCFfy (MHLWV — MQU/,YV) :

At a function type 7T — T,
<cox Mo : 7 — 7' holds if and only if

&‘ (VM € PCF, (M; M < My M j
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<

‘*E( Mléqxl\/\zf T—->7", Thun

L] vl =~ OV e
AN e'=C[-M
= /vy v
= Z[MM Ty V




<

‘*E( Mléqxl\/\zf T—->7", Thun

elwm) U v] = 2 LV e
AN e'=C[-M
= /vy v
=My V

SO I\A\ <C/&‘ M M C /



Extensionality properties of < tx

Ataground type v € {bool, nat},
<ctx Mo : v holds if and only if

@QVEPCF (M ),V = Mguj

At a function type 7T — 7/,
My <cx Mo : 7 — 7/ holds if and only if

VM € PCF, (MlMSCtX MQM:T,) :
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T vt (M bV = m U, V)
Potives d=0[LMJ) e N 4
£ d+Lltan Tn] =d=[suc (0)]

So M & ok Suect(0) (Adequacy)




I Yvenat (M bV = m U, V)t
Potives d=0[LMJ) e N 4
£ d+Lltan Tn] =d=[suc (0)]

o My b Suect(0)

oo Nl L Sv\u,‘i(O) (by &*))




IE Yveonat (Mbgv=mU V)

?v\‘v\m/ap d=0LMJe N,

f d+lihan [m] =ds= ES\AQ,(OYD
So My ok E\J\QC,”((O)

Ne M\ ‘Lfv\m/c SWCC (O)




Extensionality properties of < tx

At a ground type y € {bool, nat},
My <ctx Mo : 7y holds if and only if

V‘/EPCFfy (MHLWV — MQU/,YV) :

At a function type 7T — T,
<cox Mo : 7 — 7' holds if and only if

I\Q&MEPCF (My M <t M2M>
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L Ymr (MM <gpe MM e T!)
them
d<‘-c M = G-:Mlzn(&) dtz My M (%MUL EM\ﬂdtvz' M')



& Ymr (MM <ge MM T') ()
them

Cl<l_c N = (];N\l:D((f,) d"C’ M, M\

= {[:M\T[\ (&) T MZM (by H@)



s \VIN\?’C(MH\/\ < Chye /\/\Z/\/\=‘C’>
thon

Cl<l_c N = ﬂ;Ml:D((M d"(," M, M\

= EM\B (CQ) Tt M, M
So by definikion o <o s means
U;M\:Ddt-at' M,
So My <g, M, iTaT! (dide 63)



\N%’vc/ Seom.
Oowx)oos{\r\'mw\/;\'g + sound ness + mo(.ulmau? =
L, =IM, 1€ <) = M, “ o M, T
%iw\\'\m/@,
IMICTIM]) in LT]) = My Sy, + T




\N fe/vo feaun

Oompx)S\\'xO‘V\a.l/\‘\‘j—P Somvxcay\ug.pad_% 0“2’ =
LT =CMT1eT<D = M ¥, M,:T

Timil Mgy

IMICETIM ) in LT = (M €M, = T
WAt abowd

o, (vviverse J}\np\{calﬂ'ms I4



Full abstraction

A denotational model is said to be fully abstract whenever denota-
tional equality characterises contextual equivalence.
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At type nak

S\ide, 69

[

v
M, S M2 it & Y ne N (M g uity=
M, Ut glf\ccf‘(0)>



At type nak

M, S M2 ik & Y ne N (M g Suity=

M, Ut gV\ccf‘(0)>
Sowxﬂm s
O@qu S /\\(‘i Yne ([M\B =N =
0 Cm,=n )



At type nak

M, S M2 ik & Y ne N (M g Suity=
M, Ut gV\ccf‘(0)>

= Vne M ([M\B:‘Yl = )

ot &C Cm,J=n
b v, N [mICIm) i N,

v C& <y, winmde &t Mpc nak




At hjpc Nt - nak

I lCTTm] in Dnabonat] = N, -,
i Ydenu, (Cmd@E Tl d))




At Jﬂjpc Nt = nak

IamJICTTm] in Dbt = N - I,
o \U[a/té (Tmie Tm ] (o())
Bt Q/ue/v\g de N | is f fm 1o
d =01 M] for Some M :NaL




At ’ﬂ:]pc noak = nat

LamJelm] in Dnat-snat] = N, -y
4 Y et (T (M) e (EMZMMJ))




At hjpc noak = nat

LamdClm] in Dnat-natld = N - I,
|ﬂ \v’/\/\.V\oJ:< L m, m])) S [Iwy '\’\j))




At Jﬂjpc Nt = nak

ImJICTm] in Dnatsnat] = N, - I,
|ﬂ V/\th\OJ:( L m, m]) S [Ow, Mj))
f'ﬂ XV/V\/\f'l/\m&( f\/\LN\éQ{X N\LI\/\"V\V&)

&S\’v\w\,\re/mw kow & 2 <
wineide Ak type Nak




At Jﬂjpc Nt = nak

IamJICTTm] in Dbt = N - I,

it Y amenat ( Ty m])e [w, MJ))
oy a\/\;ym/&( WM S g, MM nad)
fE 0 <o, M nabs nat (g slidec )

Soe & % éotx Cowner AL s WPQ Nat - et




At hppe nabonat | C 8 < wincide

| ~—— ]

2. every heamund s@ [ nak]) s Acf.mlo’(% L%
n PCE f+erm . (DiHo for boot.)






