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PCF denotational semantics — aims

PCF types 7 +—> domains |[T].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.

Compositionality.

In particular: [M] = [M'] = [C[M]] = [C[M]].

Soundness.
Foranytype 7, M ||,V = [M] = [V].

Adequacy.
For 7 = bool or nat, [M]| =[V]e|r] = M|, V.
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Theorem. For all types 7 and closed terms M7, My € PCF .,
if [M1] and | Ms] are equal elements of the domain 7], then

M1 gctx M2 . T.

Proof.

CIMi]{,, 4V = [C[Mi]] = [V] (soundness)

= [C[Ms]] = [V] (compositionality
on [[Ml]] — [[MQ]])

= C|Ms| |,V  (adequacy)
and symmetrically (% §{m(\av/b @‘f \U'Ioo l) O
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Compositionality

Proposition.  For all typing judgements I' = M : 7 and
'+ M’ : 7, and all contexts C[—] such that IV = C[M] : 7/

and IV = C[M'] : 7/,
if [['=M]=][I'F M

| - [T] = |

then [[F’ - C[M]]] — [[j

7]

™ C[M)

| <[] = [7]

Pvmff% B L)ﬁ ndonchon an TR st ﬂ? -
— sijdc\mw% ) Fpen how [=]] wow defired
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Soundness

Proposition. For all closed terms M,V € PCFE,,
it M |J..V then [M] =1[V] €[] .

PYDS?-')M ML ndmchon for N\U/t\/
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Substitution property

Proposition. Suppose that I' = M : 7 and that
[z — 7| M’ : 7/, sothat we also have I' = M'[M /x| : /.

Then,

T+ M'[M/z]] (p) (p)
= [Tz = 7] F M (pz — [T F MK})

for all p € [I'].

(CU\V\ 23 Mv@ bﬁ W\O{/\A(/Ll'ih/\ on g
Stuchwre Og e PCE oxpression m' >
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Substitution property

Proposition. Suppose that I' = M : 7 and that
[z — 7| M’ : 7/, sothat we also have I' = M'[M /x| : /.

Then,

[T = M'[M/x]] (p) (P)
= [Tz — 7] M| (p|z — [T+ MR’\})

for all p € [I'].

In particular when T’ = (), [{x — 7} = M'] : [7] — ['] and
[M'[M/z]] = [{x — 73+ M| ([M])
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Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V' a value

Ml =[V]el] = My, V.
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NB. Adequacy does not hold at function types

90



Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V' a value

Ml =[V]el] = My, V.

NB. Adequacy does not hold at function types:

fnz:7.(fny:7.y)x] = [fnz:7. 2]

7] = 17l
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Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V' a value

Ml =[V]el] = My, V.

NB. Adequacy does not hold at function types:
fnz:7.(fny:7y)x] = [fnz:7.2] :|7]— 7]

but
fnx:7.(hy:7y)xc .. a7
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Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M to be My Mo, fix(M").

i

M, & N\

ot e b Tanchon lype
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Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M tobe My Mo, fix(M').

2. SO we proceed to prove a stronger statement that applies to
terms of arbitrary types and implies adequacy.
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Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M tobe My Mo, fix(M').

2. SO we proceed to prove a stronger statement that applies to
terms of arbitrary types and implies adequacy.

This statement roughly takes the form:

[M] <1 M for all types 7 and all M € PCF ;.

where the formal approximation relations

<r C [7] % PCFTK\ df(’f(f//z\g 'Zf:

are logically chosen to allow a proof by induction. )\“\j)ﬁt T
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Requirements on the formal approximation relations, |

We want that, for v € {nat, bool },

[M] <, M implies YV (M]=[V] = M, VZ

N

adequacy
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Definiton of d <1, M (d € [y], M € PCF,)
for v € {nat, bool}

n <pat M S (neN = M,,, succ™(0))
b <poor M « (b= true = M |,;,,; true)

& (b = false = M |},,,, false)
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Proof of: [M| <1, M implies adequacy

Case v = nat.
[M] = [V]
— [M] = [succ”(0)]
— n=|M] <y M
— M |} succ”(0)

Case v = bool is similar.

forsomen € N

by definition of <1,,4¢
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Requirements on the formal approximation relations, Il

We want to be able to proceed by induction.

» Consider the case M = My M.

\) ]
~ logical definition

H/(W%Q 9\Ar\</[1'vm
Hra So ) reAade

O\WW’\“"“ o wlakad
Hanlts |
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Definition of
f<oor M (f€([r] = [7]), M € PCF,_,)
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Definition of
f<oor M (f€([r] = [7]), M € PCF,_,)

f ;7 M

& vze[r],N € PCF,

(x < N = f(x) < M N)
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—

lne fwll
Definitionof d <, M (d € [7], M € PCF,)

d <pgt M S (deN = M1, succ?(0))

d <poor M < (d = true = M |,;,,; true)
& (d = false = M |},,,; false)

d <, M B VYe,N (e<; N = d(e) < M N)
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Fundamental property

Theorem. Forall ' =x1 + 71,..., T, — T, } and all
I'=M:7,if di < My,...,d, <., M, then
[[FFM]][xll—)dl,,iUnlﬁdn] <lr M[Ml/xl,,Mn/xn]
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Fundamental property

Theorem. ForallI' =Yz — 71,..., 2, — T,} and all
I'=M:7,if di < My,...,d, <., M, then
[[FFM]][xll—)dl,,iUnlﬁdn] <lr M[Ml/xl,,Mn/xn]

NB. Thecase I' = () reduces to

IM] < M
forall M € PCF..
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Requirements on the formal approximation relations, Il

We want to be able to proceed by induction.
» Consider the case M = fix(M').

~ admissibility property
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Admissibility property

Lemma. For all types 7 and M € PCEF',, the set
{de|r]|d< M}

is an admissible subset of | 7].

(60\97 PW&? )O?/ ind wdon on SJY\/\/\L‘-V\/\-Q,
sF Typs T )
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Further properties

Lemma. For all types 7, elements d, d’ € [7], and terms
M, N,V € PCF,,

1.f dCd and d < M then d <, M.

2.1f d<i Mand VV (M| _ V = N|_ V)
then d <, N .

(60\97 pw&?& )9\2, nd udon o SJV‘/\I\L"V\/\'-Q,
st Typs T )
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Fundamental property of the relations  <]-

Proposition. IfI' = M : 7 is a valid PCF typing, then for all
['-environments p and all I'-substitutions o

p<ro = [I'kM](p) 9 M|o|

(Pros? by yale mduchion for T-M:T—See PW%)

e p <Ir 0 means that p(x) <Ir(,) o(x) holds for each
xr € dom(T).

e M |o| is the PCF term resulting from the simultaneous substitution
of o(x) for x in M, each x € dom(T").
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Proof of: [M| <1, M implies adequacy

Case v = nat.
[M] = [V]
— [M] = [succ”(0)]
— n=|M] <y M
— M |} succ”(0)

Case v = bool is similar.

forsomen € N

by definition of <1,,4¢
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