


p �

let a = ref 0 in

fun(x : int) -> (a := !a + x ; !a )

m �

let b = ref 0 in

fun(y : int) -> (b := !b - y ; 0 - !b )

Are these Caml expressions (of type int -> int) contextually

equivalent?

2

‘Logical’ simulation relation between ML programs,

parameterised by state-relations

For each state-relation r ∈ Rel(w1, w2) we can define relations

e1 ≤r e2 : ty (e1 ∈ Progty(w1), e2 ∈ Progty(w2))

(for each type ty ), with the properties stated on Slides 19–21.

Kripke-style worlds: w1, w2, . . . are finite sets of locations.

States in world w: St(w) � Z
w . Programs in worldw:

Progty(w) �
{
e ∈ Progty

∣∣ loc(e) ⊆ w
}
.

State-relations: r, r′, . . . ∈ Rel(w1, w2) are subsets of

St(w1) × St(w2).
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The relationship between ≤r and contextual equivalence

For all types ty , finite setsw of locations, and programs

e1, e2 ∈ Progty(w)

e1 ≤ctx e2 : ty iff e1 ≤idw
e2 : ty

where idw ∈ Rel(w,w) is the identity state-relation forw:

idw � { (s, s) | s ∈ St(w) }.

Hence e1 and e2 are contextually equivalent iff both e1 ≤idw
e2 : ty

and e2 ≤idw
e1 : ty .
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The simulation property of ≤r

To prove e1 ≤r e2 : ty , it suffices to show that whenever{
(s1, s2) ∈ r

s1, e1 ⇒ v1, s
′
1

then there exists r′ � r and v2, s
′
2
such that{

s2, e2 ⇒ v2, s
′
2

(s′
1
, s′

2
) ∈ r′

and v1 ≤r
′ v2 : ty .

This uses the notion of extension of state-relations:

r′ � r holds iff r′ = r ⊗ r′′ for some r′′—see Definition 5.1.
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The extensionality properties of ≤r on canonical forms

• For ty ∈ {bool, int, unit}, v1 ≤r v2 : ty iff v1 = v2.

• v1 ≤r v2 : int ref iff !v1 ≤r !v2 : int and for all n ∈ Z,

(v1 := n) ≤r (v2 := n) : unit.

• v1 ≤r v2 : ty1 * ty2 iff fst v1 ≤r fst v2 : ty1 and

snd v1 ≤r snd v2 : ty2.

• v1 ≤r v2 : ty1 -> ty2 iff for all r′ � r and all v′
1
, v′

2

v′
1
≤r

′ v′
2
: ty1 ⊃ v1 v

′
1
≤r

′ v2 v
′
2
: ty2

The last property is characteristic of (Kripke) logical relations (Plotkin 1973;

O’Hearn and Riecke 1995).
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Outline of the proof of p =ctx m : int -> int (cf. Slide 2)

∅, p ⇒ (fun(x : int) -> �1 := !�1 + x ; !�1), {�1 	→ 0}

∅,m ⇒ (fun(y : int) -> �2 := !�2 - x ; 0 - !�2), {�2 	→ 0}

Define

r � { (s1, s2) | s1(�1) = −s2(�2) } ∈ Rel({�1}, {�2}).

Then r � id∅, ({�1 	→ 0}, {�2 	→ 0}) ∈ r, and from Slide 20

(fun(x : int) -> �1 := !�1 + x ; !�1) ≤r

(fun(y : int) -> �2 := !�2 - x ; 0 - !�2) : int -> int.

So by Slide 19, p ≤id∅
m : int -> int.

Hence by Slide 21, p ≤ctx m : int -> int.
Similarly m ≤ctx p : int -> int.
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