Pullbacks

f
Defn. A pullback of two arrows A ~ (' <~— Bis
q
an object I° with arrows A < . p > B s.t.

Jop=g°4q, y
- for every A < P’ >Bst fop =qgoq

there is a unigue m : P/ — Pst.pom =p,qgom = (.

Example.In Sets,take P = {(a,b) € A x B | f(a) = g(b)}.
(Exercise: check how this works when f and/or g is a mono)



Facts about pullbacks

- Pullbacks, if they exist, are unique up to isomorphism.
- if C has all products and equalizers, then it has all pullbacks.

- if C has all pullbacks and a final object,
then it has all (binary) products and equalizers.
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- If gl lf is a pullback and f is a mono then g is a mono.
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- In a commuting diagram: l l l

> >

-- if the two squares are pullbacks, so is the outer rectangle.

-- if the right square and the outer rectangle are pullbacks,
so is the left square.



Pushouts

pushout = co-pullback
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Defn. A pushout of two arrows A < C ——B is

p q
> P < B s.t.

an object I° with arrows A
-pof=gqoy, ,

- for every A .

B s.t p,Of:qog/

there is a unigue m : P — P'st. mop=p,moq=¢.

Example. In Sets, take P = (A + B)/=, where = is the least
equivalence on A + Bs.t. f(¢) = g(c) forall c € C.
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Pushouts glue together “shared” elements
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