
L
e
c
tu
re

4

S
c
o
tt

In
d
u
ctio

n
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S
c
o
tt’s

F
ix
e
d
P
o
in
t
In
d
u
c
tio

n
P
rin

c
ip
le

L
e
t
f

:
D
→

D
b
e

a
c
o
n
tin

u
o
u
s

fu
n
c
tio

n
o
n

a
d
o
m

a
in

D
.

F
o
r
a
n
y

a
d
m

is
s
ib

le
s
u
b
s
e
t
S
⊆

D
,
to

p
ro

ve
th

a
t
th

e
le

a
s
t

fi
xe

d
p
o
in

t
o
f
f

is
in

S
,
i.e

.
th

a
t

fi
x
(f

)
∈

S
�

it
s
u
ffi

c
e
s

to
p
ro

ve

∀
d
∈

D
(d
∈

S
⇒

f
(d

)
∈

S
)

.
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C
h
a
in
-c
lo
s
e
d
a
n
d
a
d
m
is
s
ib
le
s
u
b
s
e
ts

L
e
t
D

b
e

a
c
p
o
.
A

s
u
b
s
e
t
S
⊆

D
is

c
a
lle

d
c
h
a
in

-c
lo

s
e
d

iff

fo
r
a
ll

c
h
a
in

s
d

0
�

d
1
�

d
2
�

...
in

D

(∀
n
≥

0
.d

n
∈

S
)
⇒

�
�n
≥

0

d
n

�
∈

S

If
D

is
a

d
o
m

a
in

,
S
⊆

D
is

c
a
lle

d
a
d
m

is
s
ib

le
iff

it
is

a

c
h
a
in

-c
lo

s
e
d

s
u
b
s
e
t
o
f
D

a
n
d
⊥
∈

S
.

A
p
ro

p
e
rty

Φ
(d

)
o
f
e
le

m
e
n
ts

d
∈

D
is

c
a
lle

d
c
h
a
in
-c
lo
s
e
d

(re
s
p
.
a
d
m
is
s
ib
le

)
iff {

d
∈

D
|
Φ

(d
)}

is
a
c
h
a
in
-c
lo
s
e
d

(re
s
p
.
a
d
m
is
s
ib
le

)
s
u
b
s
e
t
o
f
D

.
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B
u
ild
in
g
c
h
a
in
-c
lo
s
e
d
s
u
b
s
e
ts
(I)

L
e
t
D

�E
b
e

c
p
o
s.

B
a
s
ic
re
la
tio

n
s
:

•
F
o
r
e
ve

ry
d
∈

D
,
th

e
s
u
b
s
e
t

↓(d
)

d
e
f

=
{

x
∈

D
|
x
�

d
}

o
fD

is
c
h
a
in

-c
lo

s
e
d
.

•
T
h
e

s
u
b
s
e
ts

{
(x

�y
)
∈

D
×

D
|
x
�

y
}

a
n
d

{
(x

�y
)
∈

D
×

D
|
x

=
y
}

o
fD

×
D

a
re

c
h
a
in

-c
lo

s
e
d
.
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E
x
a
m
p
le
(I):

L
e
a
s
t
p
re
-fi
x
e
d
p
o
in
t
p
ro
p
e
rty

L
e
t
D

b
e

a
d
o
m

a
in

a
n
d

le
tf

:
D
→

D
b
e

a
c
o
n
tin

u
o
u
s

fu
n
c
tio

n
.

∀
d
∈

D
.f

(d
)
�

d
=
⇒

fi
x
(f

)
�

d

P
ro
o
f
b
y
S
c
o
tt
in
d
u
c
tio

n
.

L
e
t
d
∈

D
b
e

a
p
re

-fi
xe

d
p
o
in

t
o
ff

.
T
h
e
n
,

x
∈
↓(d

)
=
⇒

x
�

d

=
⇒

f
(x

)
�

f
(d

)

=
⇒

f
(x

)
�

d

=
⇒

f
(x

)
∈
↓(d

)

H
e
n
c
e
,

fi
x
(f

)
∈
↓(d

)
.
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B
u
ild
in
g
c
h
a
in
-c
lo
s
e
d
s
u
b
s
e
ts
(II)

In
v
e
rs
e
im
a
g
e
:

L
e
t
f

:
D
→

E
b
e

a
c
o
n
tin

u
o
u
s

fu
n
c
tio

n
.

If
S

is
a

c
h
a
in

-c
lo

s
e
d

s
u
b
s
e
t
o
f
E

th
e
n

th
e

in
ve

rs
e

im
a
g
e

f
−

1S
=
{
x
∈

D
|
f
(x

)
∈

S
}

is
a
n

c
h
a
in

-c
lo

s
e
d

s
u
b
s
e
t
o
f
D

.
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E
x
a
m
p
le
(II)

L
e
t
D

b
e

a
d
o
m

a
in

a
n
d

le
tf

�g
:
D
→

D
b
e

c
o
n
tin

u
o
u
s

fu
n
c
tio

n
s

s
u
c
h

th
a
t
f
◦

g
�

g
◦

f
.
T
h
e
n
,

f
(⊥

)
�

g
(⊥

)
=
⇒

fi
x
(f

)
�

fi
x
(g

)
.

P
ro
o
f
b
y
S
c
o
tt
in
d
u
c
tio

n
.

C
o
n
s
id

e
r
th

e
a
d
m

is
s
ib

le
p
ro

p
e
rty

Φ
(x

)
≡

�
f
(x

)
�

g
(x

) �

o
f
D

.

S
in

c
e

f
(x

)
�

g
(x

)
⇒

g
(f

(x
))
�

g
(g

(x
))
⇒

f
(g

(x
))
�

g
(g

(x
))

w
e

h
a
ve

th
a
t

f
(fi

x
(g

))
�

g
(fi

x
(g

))
.
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B
u
ild
in
g
c
h
a
in
-c
lo
s
e
d
s
u
b
s
e
ts
(III)

L
o
g
ic
a
l
o
p
e
ra
tio

n
s
:

•
IfS

�T
⊆

D
a
re

c
h
a
in

-c
lo

s
e
d

s
u
b
s
e
ts

o
f
D

th
e
n

S
∪

T
a
n
d

S
∩

T

a
re

c
h
a
in

-c
lo

s
e
d

s
u
b
s
e
ts

o
f
D

.

•
If {

S
i }

i∈
I

is
a

fa
m

ily
o
f
c
h
a
in

-c
lo

s
e
d

s
u
b
s
e
ts

o
f
D

in
d
e
xe

d
b
y

a
s
e
t
I
,
th

e
n

�
i∈

I
S

i
is

a
c
h
a
in

-c
lo

s
e
d

s
u
b
s
e
t
o
f
D

.

•
If

a
p
ro

p
e
rty

P
(x

�y
)

d
e
te

rm
in

e
s

a
c
h
a
in

-c
lo

s
e
d

s
u
b
s
e
t
o
f

D
×

E
,
th

e
n

th
e

p
ro

p
e
rty
∀
x
∈

D
.
P

(x
�y

)
d
e
te

rm
in

e
s

a
c
h
a
in

-c
lo

s
e
d

s
u
b
s
e
t
o
f
E

.
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E
x
a
m
p
le
(III):

P
a
rtia

l
c
o
rre

c
tn
e
s
s

L
e
tF

:
�
ta

te
�

�
ta

te
b
e

th
e

d
e
n
o
ta

tio
n

o
f

w
h
ile

X
>

0
d
o

(Y
:=

X
∗

Y
;X

:=
X
−

1)
.

F
o
r
a
ll x

�y
≥

0
,

F
[X

�→
x
�Y

�→
y
]
↓

=
⇒

F
[X

�→
x
�Y

�→
y
]
=

[X
�→

0
�Y

�→
�x
·
y
].
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R
e
c
a
ll

th
a
t

F
=

fi
x
(f

)

w
h
e
re

f
:
(�

ta
te

�
�
ta

te
)
→

(�
ta

te
�

�
ta

te
)

is
g
ive

n
b
y

f
(w

)
=

λ
(x

�y
)
∈

�
ta

te
.

�
(x

�y
)

if
x
≤

0

w
(x
−

1
�x
·
y
)

if
x

>
0
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P
ro
o
f
b
y
S
c
o
tt
in
d
u
c
tio

n
.

W
e

c
o
n
s
id

e
r
th

e
a
d
m

is
s
ib

le
s
u
b
s
e
t
o
f (�

ta
te

�
�
ta

te
)

g
ive

n
b
y

S
=


w

∀
x
�y
≥

0
.

w
[X

�→
x
�Y

�→
y
]↓

⇒
w

[X
�→

x
�Y

�→
y
]
=

[X
�→

0
�Y

�→
�x
·
y
]



a
n
d

s
h
o
w

th
a
t

w
∈

S
=
⇒

f
(w

)
∈

S
.

5
4


