Turing machines
and the

Church=Ti un'nﬂjﬁes is

Rn.@is’rv maciind Ovmpv\\"mhm Tokes {'\o*r gmv\hd ot e howe Some
wnuete  repredontation ot e natwal numbes  and T wmwm\“amg
OPUTNNS  On o OF muemant , Zow 0t ond  deorement

—lwing's Oﬁgi\r\o\i model d¥ tamputahion — Now wlled nTur{v\ﬁ machine —

formalizes  fhe intwitive nehen of  Agoibim i tke wost concrede
s possible (Twevy arrju&d), Lhaare e yamben have fo o be
represented WP]\UW n reme of o fixed, fioike  alphabet of Symlnds
k@% WAy ndikon | b{ma/\g, nStehon DJ‘L)

ond e alxmw\&wmj opemhions hawe o be given explicly  in Fems
ot Q/lﬂlW\ﬂ’V\:\'VWI\& S\jmbcﬁ-mamipm\p\‘n'w@ opwHems
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_Turing machines — informal descripbion

machine is — |

in one i “« ]
o §inile tope head is
K o shates JS&M.’-\Q symbel 1

o - . linear tape, uabounded to
SP“"“I 3(“‘5‘{" '—V\%d olultilo]1]ul4 u...'.' the rnight, md divided into
cells each Containivg a st,mba(

from o finite a|phahet z,
- machine Storts with tape heat mo? iw. sibeial m&’;i‘;fff.,.
pointing, to <
— maching computes in discrete Steps , each of which depends
oy on Cuwent skale X Symbol being Seanned by tape head.

— achon at eadh step (If any) is :

overwrite cunont bape cell with o Symbol,
move left or nt"me cell, or Stay Si'atm\ar? ; ond
d\on&e to an
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DEFINIMON : Q. 'F&.rina machine onsists of :

® o finte set T of tape Symbels, ontrining
d\shngwshe(‘ oluments { L = blank Sqmbtl
= finsk Sy s_rm bol
® o finte st K of mo.chme, states (dispint fom X)
Gontoining o special element  § = inttial stake
® o funchon
Sefun( kxS , (Kuface, refy)x Zx{L,8,5})
called the t[nns:l:wn Sunchion of the mad\me_
Sakisfuing. : for all 9,9, a’, D
) i 8(2:') (¢),4,P),

hen a'= < and D=R
(NB. acc, rej ¢ K are Spcial g_gc__.epHvxg,/zgw'fng, Stodes )
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Exampl o‘F a-\_wrir\q Machine (p68)

Z'—"»{d,]_\, 011}
K= {SJqHQz'}
D given }’3' ;

- w 0 1 |
(8.9,R) | (4,v:R) |(%¢);0,8) | (re4,S)
o | (gi9R) | (4,0,L) [(§:4,R)[ (g,1,R)
g’ | (%)h<,R) | (accu,S)| (5,0,8) | (q%19,L)

(/)]

63-1

The hromsrhon ,?wnd—im ) Specifies how WTM%, machwve drould
adt of eadh Step. I{l
cnrrent State =0, € K
owrvent tape S\ambu-Q =a €y
od 3(g,a) =(g/,a,D)
s Jiie. Jicé el e (
o | L \ i~ Q
f 4 "‘c"”‘ff'w“é‘“m!?i;i i o ) %ephhg e (& stops
o if q/' = e{ , M Mochine by teacha E!;JS’-GP"V‘@ share (B« S)rbps '
onFev owﬁﬁv} A Wi o) '
« f q'e K, the machive -oveasrites a ot A,
- thanges o shate g/, ond
moes one ol Lefr if D=L
{ " " " El'ﬁhl' o« D=R
Showt S.’mh‘w « D= S.
(N8 becose & e contition on 3 in T dofinition en 263
if a=<1,twn madhve nwver overwnles < N ma»an?we
ord a\hdaug; moves Yo Tha f‘iszc.)
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ATW'II\% machine Cﬂfl_g uration

(v

]2 % P 9 Y N Y T S
can be specified by & friple

:

(W ) t ). Y )

L current sk € Ku {acc,rej

- finite,non-ml list of elements 4T
ﬂ=(0‘°)a‘\)a'2) "‘)at-n J‘Q) S‘t{)/h”g, IAS\"PP\ W
Symbd, readivg. fight ~to - lofts , endivg. Lsith <t

— £inite ( poss‘blg. ml) list of dlements of p ¥

0 =(A1s00, -+, Am) Starting. voith Symbi{ to vight
thunent ong., Pdi - H-right ,%ding. at Sne.
point Livere. frore. owe“only, blanks to T, N ght.
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Transition relation (q,,,l,,r;)_)(%’(‘,rz)
is defined o hold ifonly i§5 9,6 6 9, 6 1,
motch ons. o the following cases :

e (g, tons(a,0),r) = (9, L, cons(a’,r))
where 8(q,,0)=(9;,4',L)

@ (4, cons@,1), i) — (), ons (u,cons(a', 1), nil)
Wheli S(q”a) & ( q;’ a') R)

® (g,,%ons(ad), wns(b,r)) = (4, cons(b, ons(a, ), 7)
where 6‘(q,,a) =(q), o) R)

® (g, wns(a,l),r)— (¢, Cons(a’, O,r)
whre 3(q,a)=(g/,a58)
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A OQmpbd-a\Hm 0"- f Tbtﬂ'v\g, machive Congists OP
a fnde or mfinde Sequenc. o frangitions behwesn
wv\fiﬁmﬁms :

(S,<,7)=>(q,4,0)=> (6, n)- -

)
inhal wl-ehm»\{-lisl'
Stade. st OW\{'&W\W‘?Q
“/\L Oompw}ahvn does net halt if %qumm_ s infivale
halte v v finike, in hid,

ase tha losk configumbion s of the pm (ace, ,r) or (ref,¢)r).
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ExampLe

Consider e Tiwring, machine with
Z={9,u,01}, K'""[S;Q,:q,"!
i ey 0 1
s | (s,9R)|(9,w,R) ('eJ.JOJS) (¢4, 1,S)
q | (v)<,R)| (9,0,1)|(q,1,R) [(9.1,R)
q: (BS,Q,R) (GCC,U,S) (njlo)s) (ﬂ:;i,'-) ffi
list (,1,--4,2)

Then the computation Sl:arﬁng'ﬁ'om Gonfiguration (s,4,LX0)
Naks W mnfi?umkion (acc,ua , 2¥10).
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Example, conhnued. ] LL_@_)]]

o e SMiv%cmfigwaHm loks ke |<lw]11-.-1[0fu...

e ?‘W’d Om{ic}waﬁm looks ke
[<]v]11--1]o Y

L_.._‘-—-—-——.' l_..\ el - .e
At e all’ y's

ond e tangthons behween are
(s,<,ux0) = (S,u=,x0)

— (9,152, 570) i el
. (q,Xu<,0) oving right
— (%,Oiua,ni\) I
— (q,,u_iTl'uca,nil)
=3 (q,';-f'rl.._.a, 0) \
5 (g, s, THI0) Wiy, [eft

— (e, i<, 2+10)
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PROPOSITION :

-“\t (.ompu\'a'n'on 0[1 Qa Turinj maching
con be implemented on a register
moch ne.




Prock.
Fi m{:) r?,p!'ﬁ}?/\/\‘k -hxpe. ond slale 5\3m\9b‘$ GT- l‘b\ileﬁ'\? madhne
b\} nmbers SM} : 0
acc = (@) =l =

I‘Q—J=1 .<1=1
s =2

K ={2)3,_",n‘} Z ={0,1,...,m}

Thon code Turiv\ﬁ maching conj(-\'gwml'ivns (g, f,r) as rwmbers [4,,[0,7]]
(wsing e cading of lists o} rwmbers s ambers Bt we doveloped earlier),
Sine e transition funchion 8 cfun (KxE, (Kufac, ) xZx{L,R,S7 )
IS a M{-& Sek (6‘- (arsamemk,m.w&)-]mivs),om, Can constud a
reogiswr Mmachwne program o?umﬁvxa_ on R_g,,’s-}e{'f -

S (Jor shie), T (dor WA\JWM) , D (dwdired{m, ”ﬂb\aRi \ Sapy_)
'w“‘“ l'vﬂ, S=2
—{(S,T,D):=0(S,T) p»

#l

Then usivg re%«'s\m

C fo hold codes & Turiry machine configuratioms

L o Wld codes & dape symind st ot & 4o WSt o Jope hread

R v o on o »owo v v tovghtef
e omprdohon ¢ the Twrivg madving s carred oud by
the \-e%'\skr machine  Specifted on the next Pge ——»i.e,sbrﬁn}
fre regiler machine. tsth C holling fa. wode. of the inihial
confignertion (3 dl ¥ew vegiskees Zemed), T regicer maching
halts if 2 m:xl/b« € e wm?on&ing,Tuhng, machine bompua‘nh'oh
holts, and n et case C holds e ode 61 b finad
Oovng\ﬁwmhm. D

>




START

N
[S,L,R]=C
(5.7,0):=56,7)
(_
efs,L LR ]
__[push @ PR
toll | toB
L (remain siwhonang ) 33
Racall ¢
DEFINITION :

FePm(N®IN) is (register machine ) Computable
IEk oy i€ Here is o register machine M with
ok leost n+i regishers, RO, RI,R2,..,Rn Say,
(ond maybe sowe ol registen as well ) Wil He
poputy that for ol (%), %) EN" and
al yeN

f(lu---,lu):g. .lfk m\lg l’f He Com'ul&h'on

of- M S{wl-ing with RI=% ,.» RN =3, ,and

oll olher wgistrs =0, halts with RO=Y.




We howe seen that Turing macdnine  tomputation  can ke implemented
b\é re:afs"r%r madhings. The tonverse also helds .  Lomputahion
St w Rgiskr madaive  n ke implemented by @ Tunng maching,
To wake sense o s stakmant, we it have b fix a

tope  Mpresentution OF regisier tontents, ie. a tape repredentation
d fnite lists @ umbers:

o e Lall ue Unary notation {W individuad Naambers :

mamber x> 111
——
x 1%

e vt Wil use O b mark i begivming cnd ond Ofl"a i<t

o e Wl U (TIM. blank S}ﬁmla)’() ‘o seperale numlen
n TR sk

Tws we @n tuke T alphobek of Tape Symbels o 2 F={<,u,0,1}
ond  Then ...

15

-A tape over{9,9,0,4} codes a lisk of numbers-
If & only if
Preﬁ!% two cells contain O ond bhe Onley
cells contmining 1 occur bebween these

|

we call this cell & such a

Sudn ﬁi‘sw(m{/’mptm nitial O cell

4._,...._..‘01"'15.!1"'1&4 * e Hiotoiouuooo
E—Y—’ h_Y-_J ;r__' \—-sr-.-.
it x I8 X, s all u’s

O\V\d the wm'.lpov\div\g_ ‘\'st 0-¥ wmimbers s :
cons (X, , Lons (3¢g 5 ++» Lons (X, nil) -~ ))

'ine. (3&. )l”n-,xn)k
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DEFINITION : —

fé Phn( N, N) s Twing, compubable if& Onlﬂ if
there is a Turing machine T with e following
prerky

Stavting. T from ibs inibial stole with tage head

T halts lfu Ohls ‘f f(xlo-"a 3!\)4”0"4 mlkal'.
Case the finod tape codes a lisk (of longin >1)
whose first element is y where Floa2)=y .

A

on e Ffirst sumbot < of a tape coding (0,%,.-., ),

|

THEOREM: A parbial funcbion is Tu:iug Compubzble

if b onlly if it is register machine compubnble .

%

Prost

e e n implawent vy Twiy\%_ madaimne b‘d a reﬁ\‘s’fef ma dhing,

t fllows ok
T\mr\% mpbe = FEJj{SW madane (/Ompufnlolﬁ..

“To e thak
v <

one hos o impamenk L Gomputation o o regisier madnine n
fows SF o Taing wadaine opuabivg on a Tage coding.  instantantons
Rajiser  tontonts . o do Mis. one has B osee how o comy ot e
ackion ¢} eadn ’L\jpe o register madiine  instiuction on e Bape
epreseniation o rRgicier  lontents . Tt Showld be reasonatbly  Clear that
s 1€ ?Oﬁ?\'b’bﬁ [ ])ﬁnbipu),, en  if e dekalls (Whidh e ome)
ort Sonamhodk Fedions. I
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CHURCH - TURING THESIS :
EVU'% olgonbhm (in the inuibive sense)
con ke realized as a Tunng machine.

By, Qquivabm\-bg, veny adﬂorﬂ'hm can be realized
as o reqister machine .

The Church-Tunng Thesis  is nob o Statement  that can e vaaﬁ
ft)yw\q\lb\jh because it refors fo e infomal noton of "algorilam’

_E\f‘iwg gove 0 osely mrgued juskiication that his madhines @aphucd

e Wa\w\?}v{fﬂ\l slomants o e nokion "{i ﬂlﬂoﬁﬂ‘z\W\. Sma his hime

mudh empivical  evidene  has accumulated 10 support e Church-Tiring

Thosis

o Sovernl oxtnsions of i ndion o Taeing machine (and register machine
ot howe been proposed (€9 xknsions by non-defeeminishc fahurey
or by parallh mpalsion ) e all been Shown o howe Qa}u{\/o\lﬂnl'
(omputing power o ik (mgim\l fomulation,

® A rumber ﬁ alternative  formalbizakons of the fntuitive  nohon c\ﬂ
algertam  (Sorve & Which oppear gquile wnconneded  nth e
Tring, (register madnine formalism ) Mave twoned onk fo determing
e Some  wollechion c{ Gemputable funchons
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Some approaches to Compul'ubilil'g

® Church (193€) : (untyped) lambda calculus X
A-definable funckions.
[S% : CST I8 "Fowndations d- Fanchional Pvcammminﬂu Cowrse--_]

® Turing (1936): Turing machines.

® Godel-Kleene (193¢): partial recursive funchions

® Post (19%3): Canonical Systems for generahing
Wecrems in a formal system.

® Markov (1951) : determinishe version of Posts
(ononical syskems.,

® Lombek (1961), Minsky (19¢1) .

Shepherdson- Shwgis (1963 regisker machines.
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All 6 the obove approadhes give rise fo B Same collechon df
powrtial fundhions  from ywmbevs o mumbers.

The same is e for oy "general parpose” programming
lMQ)M%a (indeed, ove nsually mkes as o depimon of
g pupse” ™ fhak  th longuage  Con  (ode  any
wpuinble paviial ﬁM\o‘r{o\r\).

We will losk at owe oF e above, alttmabice approaches in
Sove detml — nanly e Godd - Kieene  dhanndk evizadion
o6f Compuimble funchions o "poartiod Rowsive fanchoms ..

* oy " Tth fPo\,\;-&/,Jcl,\l_“
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Church’s (untyped) A-calculus

Loverview ! hol- Mﬁmmﬁ“@j

)\-i-erms M : :l x].\le M(M)

@- Yedudwn M= M’ : smallest relation ¢.t,

MM (N) = M[N/x‘_] * $nbshAutim

if M=m' bn  N(M)o N(MW) & M(N)=- M(N)
k A M2 0y M

ni Charch numeral : 'n? = Ay.Ax. 5(5( (yll” ~)

FePIn(N,IN) is A-definable iff ax nm. F so hat
fm=y & F()a= Y’

[THEoREM : A-definable = Computable 32-1






