Introduction : algorithmically
undecidable problems

There ave inherent limitations on wWhat

[matiematical ] problems can be selved using

omputers, Even with He idealizabon Hhat

e amonnt OF fve X \wrh‘ng_ Space ovailable

o oy ot o computation is  unlimited,

thte exist problems Mot are wmpubﬁonally,

Wnsolvabke.

Theee famous examples skefehed in Mis leckure :
Hilber+s  Entschei dungs problem

The Halting Problem
Hilberts 10t Problem




Hilbert's Entscheidungsproblem

Is there an alaoril'hm [aka “effective procedure” )
which when &d ony Statement in he formal
longuage of firsk order arithmetic, dettrmines
n a finilt number of operations whether Hhe
Staftment 1s provable from Peane’s axioms
for arihmelic using e usual viles rf
dassical logic ?

fosed bﬁ Hilbet ot the 1928 Internodionad Lonﬁfess
of Mathewaticians , and in fact e problem  was
Stoted in o more. ambitions ©rw; withameve  povaerdd
Jorned Gydem. i place & bt ovler anthmekic.

The algvrii‘hm Hilbert's Enl':schefdungsprvblem asks fDY‘ would be
miher seful thing to have | Bg. ne could mn ik on e statement

Vk>1.13 Piq,- Rk = pta, & ])rimé(?) % prime(4, )
to find owt wheler Groldbachs  Conjeckure has o proof ;3 k. | eke.

Hile/t belioved Bhat swoh  oun a]gor\'Hv\m cowld be found. In 1930
he wvole

"TIn an efoit to give an example o an unsolvable problum | e philosopher
(omte one Said Mat Sciene would nover Succeed n asuftm'nfnj fhe Secrek
o the Chtmical Gomposition of W bodies of fhe univene . A faw yowt nder
this prablom wes Selved ... The e reaswn | o\(cording o my ]h{nkfng ; “\Mj.
(omte wuld nst find an unsolvable prblem lits in e fadk that There s

No  Suth Thivxg as an Wnsolvable P‘\f\‘ﬂglg)(n_“
[quol:e(ffﬂ'm C.Reid% biogmphy, of H\’]b&u{-]

Adws yems later Hilbek was proved 1ovimg by Chucch owd Tiring’
wolk 6t 1935-3b.




'Entscheidungsproblem’ means ‘decision problem'.
Gunerol form of o decision problem specified by :

® ¢t S whosetlements are finite dabastruchures
L Of Some. Kind (eﬂ: Fomulas in formed System o
infinvie., i The problom MSESTHEr DRt )
I5 Yo be pon-mvial
® property P of clements of S (eg: propesty 5 a fomula
Bt o+ has o pn',{r«f )
T problems is then : find on algoribm A which
— olways terminates with result 0 or 1 when fed
on demeint seS, and

write A(S) .—.-‘il indicale this

Algerithms , or " effective procedures”

No precise definition ot hime Rilbert posed e
Entscheidungsproblem , jusk examples ...

Cowmen features o fhe examples :

— finite descriphon of W procedure in berms
of “ demvshrg, " operations

- dehm;ﬂi‘b.c CI';\;:&:{; SK is W‘iqwlg determined , )

= prucedure may net ferminabe on some input

daba, but can recognize When it does &
what #ae result s




Emmp]es O'F~ O\I(jori}hw\s abound In the hf&fw\& afi
mathomatrics, e -
— prcdnre for mulfiplying mumbers n decimal notahion

- wa;bwrﬂ fw %’er\d\\MOL Solum yoots o D\W\a desired accuro«a?
— proadure fov findir\% highatt (emmon factovs (Euclid’e Algor am)
ohe., U

Tn 1935(36 Turing ond Chweh gave independent | negative  solutims
of Hilerts Entscheidangsproblom. Thw essential fivst step was to
formudale @ precise, mathematiol  definitin of the nobion of 'o\ljon'}b\m‘,
T\,\rir\g's {-ovmu\\a\'im (in tormg 6[- what ore now alled Turnng madhines —
& Midn vore \oker ) G'vamrd ynove g.wwmd/fundamevdhl ﬁ;\—’m

Onwrth's ﬁhmnwlo&im (in Forms Cf- s lombeoa cal c.ulus), but TlA,n'r\S
vaed et botin fwvnu\laho'm desorihed e Sawme dass of
fandhone from [rumerical ] inpubs 1o [umenical ] ontpuks.

( Twing madnines prefigured | and  pa'tiay shmulated , T eorly
dovelrpmank  6f digital compudtivg . Lombda  calenlus  powtay

ingpired T dovelopraont of ')(tmdh'w%l'pwgmmming lN\JtM\jM.)
Next skep ot Tum'r\g/ Churth Solubion of fiae Bafsmeddunjspmb&m:

Wth @ predise Aefiviion of 'm\sori\hm', one Com MNgovrd algor{l—l«w
ns data on Wnidh algontms on ak. Hne one can

vonsider . .




The Halting Problem
= decision problem with

S = seb of oll pairs (A,D) whee A IS
an olgorithm and D is a datum on which
it is designed fo operate

P = properl‘g o[- Such pairs givcn bJ:
"algoritwm A when applied o

dotum D tv!nhu“!’ produces
Qa Mu“ (i.e.o)\,'emwj’ hq\ts)“

N

wrlke  A(D)Y 1o ndicate s

Turin% and Church showed that #he Halﬁnqr"mbkm
is undecidable , i-e. there is ne alﬂm'&hm i

suth that for oll (A)D)ES
1 i A

otherwise
—Sketch of the proof

If there were such an H, we could use it to define
on algnthm C : L

“input A, ompute H(A,A) ond # it is equal o O .

Men tum value 1 & halt, otherwise leop forever.'
So forall A, C(A) & H(AA)= O (since H totd)
and for allA, H(AA)=0 & A(A) 4 (bydef of H)
Hence forall A, C(A)| & A(A)4 |
Toking A fobeC itself,we geb C(O)} & c(c) ¢ ontradichion:




Tre firod skp in fre Turing [ Chwrh proof of e undecidability
st Hilberts Enkschaidungspmblﬁm was o Show fhat fae problam
on be reduud to the Ho\lh'vxa Problewm by tonstuching o
algwllhm {vr Q,nwdivxﬁ nstanws (A, D) o*? the Ralbing Problam
sk ¢ avithmehic  statements @A}D Such  that

Qpp is provable <> A(D) 4

Hone  cumy algonthm for deciding provability 6 aribunehic
Stotemonts could be used fo Selve e Halting Problevn — so
no SWdh Conm  xist.

With  hindsight., & positie  soludion to tae Entsch eidungs problem
Wwowd ke foo tavcﬂ to ke . Howerer , tae algon bamic
wnsolvability of Some deision pyoblums s mudh more
Swprising. A famous exemple 5t i s

Hilberts 10th Problem
Give an algorithm Which, when skarted
with any Diophantine equation, determines
in & finle number of operakions wheher
here art natural numbers satisfying

e equation.

one of a number & important Opon probloms  listed
)')\A. Hilbak okt Internabiovaal Oongrﬁss d*[ Mathematicaans
W 1900,
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Diophantine equations

P(l,,...,ﬁn) = q,(x' —
Prq, polynomials in x,.x, with cofficients
from IN = {0,1,7.,3,...},

Named after Diophantus af- Aloxandria  (c. 2S0AD)

Eg- " find Hwee whole numbers (xy.2) such Haak
e poduck 0% Ow\\j‘ﬁ\m added Yo e vl 1

a Sopare [D’wphanfv\s’Arilhmvh'm,goakﬂ) Poblom 7 )
ie. find 2,y,2 € IN' fov which thre exists wv,we N
l'»l'rHr\' (xy 1-2—14")?'1‘(32 -i—x—v")" +(za+ 5-—w‘)i= 0
12, with (1232+3zz2+1212+ ” -)="—(le15 +v13£ AwiZx +...)
[On@ Solution : (1,5,1)-:(1.,4,, 12), with {ll,V,W):?(L}];},E}-)_J

18

Hilbovts 10" Prblem Wans ventually shown 1o be . reducikle fo
e Ho\&\'wﬂ Pobum  oand  hene a\gori%mimllg undeidable Ohlqu
W o by e combined effods of Y- Makijasevic, J. Robinson,
M. Davis and H.Panam. “Tne onginal prof nsed thn'nﬂ maching
and WS quile meh'w&{d. Lader J.P-Jones 5 . Mok jasevic

( Jour. Symb. Logic ¥ L19pY) BI3 229 Simpl§ied o lorge pout ¢ T

'pvw’} by wsing o formwation 5t algonitiam (quivalent o Tm'n% machings
s h-cloabw) n Yms of  register maching — a formulation invened

by Minsky % lombek M fhe 19605,

We il se register madhing o di’.wlop he ideas skekchied in tais
Rehre  ond  nake Ram precke - We wll ek o Taarg and
Chwch's formulakion @} fi néhon H algonbwn latr i e Covge.




