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Introduction : algorithmically
undecidable preblems



There ave inherent limitations on what

[mathemabical ] problems can be solved Using.

oomputers, Even with e idealizabon Hhat

e amonnt of e X \wrh‘ng Space ovailable

b oy owt o compubation is  unlimited,

thure exist problems ot are mmpub"ionuug,

wnsolvable.

Theee famous examples skefehed in is leckure :
Hilberts  Entscheidungs problem

The Malting Problem
Hilberts 10th Problem



Hilbert's Ents'cheidungs’mugm i

Is there an al gorithm [aka “effective procedure” ]
which wWhen fd ony Shatement in e formal
longuage of firsk order arithmetic, dettrmines
n o finile number of operations whether e
Staremenk is provable from Peane’s axioms
'fvr orithmebic usir\g, e usuat vales of
dassical logic ?

[osed bnj Hilbek ot the 1928 Internodionad CQV\S«;SS
o Mothewaticians , and  in fack e problem  was
Stated o more. ambiBons ﬁbvw\, i a move Powe.ful
foved Gydem  in place o first onlr anthvaekic.



The  algorithm  Hilberts Ehbscheiduvxgspmblem asks for would be o
mbher nsefud W\M% to have | Eg. we could mn it on He statement

Vk>1.13 Piq,- 2K = P+, & PY\'W\é(P) 3% prime (4, )
fo find ont whether Goldbachs  Conjeckure has o proof 5 ekc. | ehe.

Hile/t  belioved Bhat swoh o algoritam could lee found. In 930
he tovoke

"In an eftwt to qive an example ot an unsolvakle problon | fhe philosopher
Gmbe one Said bat Sciene would nover Swueceed n asu/&m'm’nj fhe Secrek
of the chumical Gomposition of e bodits of I univere . A fw gt loder
tris prablom wwas Solved ... The e reason O\Cco)’dir\g to my Pv\{nk\'r\g : Lﬂwj
Gomte wunld nst find an unsolvable problem lits in the fonk that There s

no  Swih Tl’\ivxg A an Wnsolvable pw’b\p,vn,“
fquoted—fwm C.Reid% biogmpl«,y, o Hilbet )

Adw yems later Hilbek wes proved Wvvg 1 by Chuech ownd Tirings
wolk o 1935-3b.



'En\-schu'lungfpmbltm' means ‘decision problem’.
Generol form of o decigion problem  specified by :

® ¢t S whosetlements are f"ni!'e dabastrucbures
L Of Some Kind (eﬂzfmm in Sorad Systom oy
Cpe ik orver ot Bametic )
nginde , f The problum
15 Yo be pon-mwial
@ PWP"B P 0{ Q‘!MQV\\T 0'@ S (egrpmpu&gﬁf c«fmm»\]a
et i+ has a pm(rf)
“The problews is then : find on algoritm A Which

— dlways terminates with reswlt 0 or 1 when fed
on dimint seS, and

- yidds result 1 when fed s ;fl.«only_of S has prp. P
write. A(S) ={b mdicale. s




Algerithms , or " effechve procedures”

No precise definition ab hime Hilbert posed e
Entscheidungsproblem , jusk examples ...

Commen Seatures & Hre examples :

— finite descripHon of W procedure in berms
of demMm‘g " operabions

- determinishic (’T"v'\u:""j’g Sm\ is uniquily defermined , if )

- preedure may net ferminale on some input

daba, but can reccqnize When it does &
What Hae result i




Examples O’{Z algor§Mms abound n 1he P\ishmg 5’@
mathaomatics, e
_ prcedmre for multplying  numbers n decimal nitakion

- PWW fw Q/K’N'(/\d')v\g Solbxowe yoots )\ Omna desired accwra\aj,
_ pmw\we fov f\'V\d{v‘% highat  wrmmon factovs (Euclid’e Algon'].b\m)
ke, e,



Tn 1935(36 T\An’r\% ond  Chwrch gave  independent | negakive  solutions
o Hilberts Entscheidungsproblom. The essential first skep was o
forlale & precise, matiremall (o definition of the nobion of_ b\lﬁor{fb\w\‘,
Tarings formulation (v terms of what ore now called Tun'ngf Madhines —
& Midn vore \oter ) Ovawd rove  geveral /fundamental o

Onwrdh's ﬁwvw\loi\'ov\ (in Hrms C(- his lombada cal a«luS), but TV\,n'r\g
vae_al et botin fwww\lahev\s desovibed e Sowme cdass of
fundhone fom [numerical ] inpuis 10 [rumencal ] outpuks.

KT\AY\'Y\% madaines ‘me\ﬁmmed , and pw\/{t\/\g Shvunlated | e eawl,\a
dvelwpraank 6 Aigitad Oovnpu\’(\'n}. LombAa  calemlug PW‘H%

ingpired e dwvelwpreonk o 'fvmuh'w\ﬂl'j)wgmmmmg, lmdma\;u,>
Next skp o Twring(Churth solubion of e Entscheidwngsproblom

W @ predse definition o olgoritm’, one can Mgard olgoribms
AN Aata ™ Wada o\\SOr\'W\YV\S o adk, Honwe one  com

consioder . ..



The Halting Problem
= decision problem it

S = sek of ol pairs (A,D) where A IS
an olgorithm and D is a datum on Which
It is designed to operate

P = propmg of Such pairs givcn by :
" algorithm A when applied fo
dovum D eventually produa:
a result (ic evedaliy halks)"

_
——
wnte  A(D){ to ndicate this




Turin% and Church showed hat the Halh'nyfmbkm
is undecidable , i-¢. there is no algorithm  H

suth that for all (A)D)ES
L AD)Y

otherwise
—Sketch of the proof

It there were such an H, we could use ik to define
an algonthm C .
"input A, ompute H(A,A) ond if it is equal o O

hen tum value 1 B halt, oleswise loop forever.”
So forallA, C(A)} & H(AM)= O (Since H totd)

and for allA, H(AA)=0 &> A(A) 4 (bydef of H)
Henee forall A, C(A) & A(A)4 )
Toking A fobeC itself, we geb (O} @ C(Q)d Qntradichion




The finod step in tre Turing [ Chwrh proof of fhe  Luindecidability
G{- Hilberts En%scheidunﬁspmblﬂuwx was o show hat e problawm
on be redmud to the l‘\alh'ng Probolem by bonstuching o
a\gw{ﬂnm {\)Y Q,nwd,«‘wg nstanws (A, D) o{l the Halbing Prohlam
sk e oarithebic  Statements @A;D Such  that

EBA\D is provmble <= A(D) {

Hone  owmy algonim for deciding  provability 6 aribehc
Statoaonks cowld ke used to Svlve e Halﬁyg Problevy — So
no SW  Cown  Oxist.

With  hirdsight , & positie  Solution fo 1t Entschu'duv\jsmobum
wowld e oo @vod fo ke te. Howerer | fixt algonbumic
wnsolvability of Sovme dicision problams IS muda more
Swprising. A famous pxample 8t fris s




Hilberts 10 th Problem

Grive an algon'lhm which, when skarted
with any Diophantine equation, determines
in o finlkk number of operakions whelher
here art natural numbers satisfying

e equation,

L

Yo

One of a number 0@ important  Opm problowms listed
b‘ﬁ Hilbak ok the  TIntermebiovanh ()(’)\/'\gi‘(jgs ot Mathematicans

W 1900,

12



Diophantine equations
P(lpmaxn) - q,(xp )"':x,\)
P,q( ngncm;a‘s iﬂ 1.,---,3(,‘ N;B‘ C&ﬂ'l'u'ﬂ\fs

'from IN = {031,2,3,...},

Named after 'Diophankus o{i Alexandria  (c. 2S0AD)

Eg- " Find Hwee whole numbecs (%,y,2) swh Hab
e pVDdAAUC O@ O\V\\j,‘h,\zo added Yo he i g

O Soanrt ) [D’mpl«mh/\s’Av’ilb\me,?xmkﬂI, Problom :,z]
ie. find  X,4,2 € IN fov which thue xisks wvwe N
With (g tz-ud) H(y2 +-V) +(22+y-w)'= 0
(2. with <1232'H5222+1211+ .. ')-‘2'(‘»{215 -|-V1:’£ +wz.£1 +...)
| One solution : (Ty2)=(1,t 1), with (MAVECEAT I

3



Hilbovte 10 Pblem Wos Q/vevxl'v\od\/? shown o be . reducble o

The HM\\'Ma Bobum  omd  hene a\gorﬂ’mmiml@ undeidable onlr\g

W %o b\g, e  combined WHMS 6{2 Y. MAPiSaSQViZ,j- Robinson |

M. Dowvic and H.Pvnam. Tine ongirad ot sed Tmn'nj maching
and WAS quile oomp\{cmﬂd. Lader TP Jones & Y. Mo jasevic

( Towr: Symb. Logic 49 \194) 818 -129 ) Simph€ied a lorge pout o e

pvw% by using & prmulalion 5t algovitam (Gquivalont o T\M"I'V\g, machings
st A-oleabw) i Foms o] register maching — a formulation  invented
by Minskny % Lombek i fre 1960 5.

We il ase X*eﬁn's**w madhings 1o O\QMUP e idean skibchied in s
Rekure ond  make JRam precise . We Wil b o Thing and
Chwdh s formulabhon & fax NEhw &1{ ﬂ)govﬂ)v\w\ lakr e Gouuge.

1+



Regisier machines

IS



Algerithms , or " effechve procedures”

No precise definition ab hime Hilbert posed e
Entscheidungsproblem , jusk examples ...

Commen Seatures & Hre examples :

— finite descripHon of W procedure in berms
of demMm‘g " operabions

- determinishic (’T"v'\u:""j’g Sm\ is uniquily defermined , if )

- preedure may net ferminale on some input

daba, but can reccqnize When it does &
What Hae result i




Register Machines

-

] ‘ " . .
—Ifi\?i b'_e.l:e«v»/w,w(-.am,) operations” for register machines

— add 1 to o patwm! rumbey } 0,1,2,3,...

— test whetatr o naknumber is 0/ Stored in
- Swbkrock 1’fv'om o +ve nat. no, ('JP:A\\'SQA)
1 f “ K&!S“'Qfs

- Jump ( goto*)
- Conditional (" if. then-else”)

15~2



DEFNITION : & reqister machine consisks of :

® fiv\il-dA’ Many, reqisters RO,..., Rn
(each Copoble of S\'om\g, a Natwral vamber)
® a Pregram , Consishing of a finite list of
nstructions of the form
\M body of instruchon

..(H'l) inshruckion in Me list 15 lobelled Li (i=9, |,..)
— instructions take one of Hree forms :

L: RT=» L’ add 1 o wntents € tegisler R and jump fo
Inshuchon \abetled L'

L: R“_’L"Ln qf- contents c% R s >0, Sv«b’rmd‘ 1 Hrom it ond
jump to L', othewsise jump to L

L: HALT Stop exewh'v\} mstvchmns




Example :register machine for addition

registers RO Rl R2

-progrom-

L): RO¥=

LO:RI= LI,L2

LO

L2: R =»L3,LY
13: ROT=L2

L¢: HALT

grﬂp\/\\' )

iepresentach on -

Stavrtiv\% wilh mitial values
. O,I-,y in RO.Rl,R-Z
Ihe machine rendhes LYsHALT

in_ RO;R' 3 R2 .

18



Grophical  nkation Sw prog rams

Tncenwant  inshuchion L:R- L "QPPCMJ/V\"-QJ b:] @-—*-9 ¥

Gondibonal - decrevmenk inshadion L R L, L represented lo\j

Oss
L"
Halk  inshnckion NPNS&/\M bg\j .

So ;o ~ vodws B aph nDicate rea«skf oporohions (& 1'\0\\{1'/3)
- oare O M\f\ represet jv\mps behwean  instruchions

- \abels OF natmcbiong Bt ;mp\{u’%’
- loose  sequantial ovder A instmdhions , Waith is v

prdblemn %o \OY\% As far START instalhion 6 g
progh 1s - indiabdh

17



Example :register machine for addition

registers RO Rl R2

-progrom-

L): RO¥=

LO:RI= LI,L2

LO

L2: R =»L3,LY
13: ROT=L2

L¢: HALT

grﬂp\/\\' )

iepresentach on -

Stavrtiv\% wilh mitial values
. O,I-,y in RO.Rl,R-Z
Ihe machine rendhes LYsHALT

in_ RO;R' 3 R2 .

18



Example :register machine for addibion

registers RO RI

R2

L): Ro¥ LO -
L2: R2 =»L3,LY -
3: RO"'-sz -

Ls: HALT ~

grﬂph{ )

rep resentah on -

Sl‘awtin% wilh mitial valuwes
0,X,Y in RORI,R2

the machine rendhes LYsHALT

n Ro,RI, R2 .

8-



Example :register machine for addition
registers RO Rl R2

rpmgmm
LO: RI"= LI ,L2 )
Ll: RO"=» LO e .
L2: R =13, LY
13: ROT=>L2 | (Ro,R1):=(Rro+R1,0)
— -
| X (Ro, R7):=(Ro+R2,0)
Starting, wik initial values
graphi ok 1 0,x,y in RORIR2
representahon 7 ihe machine readhes L4sHALT

with values X+Y, 0,0
‘w‘f RO’Rl 9 RQ .

IR-2



Hoiw’ng loaded registers with initial values (fom IN={0,2,. Y)

a compubation (or run) of he regisker
Machine Consists of obeying Hhe program

instmetons, sharting with the firsk in e hisk

58

E1THER |
the compulabion g, ML RIS LY [never
continues forever 12:HALT | halts

OR
it halks, because
EITHER

o HALT inshuchion

13 obcgcd

(" proper halt")

R ' L1:R1%2L3 | halts
we are asked fo 1P o : _
o o label nok inlu\l list 9 |L2: HALT aneous\ﬂ

("erroneous halt") 19



Giaphical represtation of

: +
B S

L1 Ritos L3 is

L2: RALT

NB. Can alWat)s vodify programs Yo furn
erroveous halks into proper halbs ba A(Uivg

Wwbha HALT instuchions to e Ust wibh
appropriate Labels.

19-)



Note that e operation of a reqister madhine
is deterministic , in e senge hat e
nod instruchon fo be obeged (if Amy) s
Uni qm\\y determined .

Betause of Mis determinism and e possibilhy
Haat Computations do not halt, the Telabon

between initial and final rego'ster contents

defined by a register machine program
is a m_ﬁi‘_gam

9-2



DEFNITION : A Pad_igqunckj_gg from a set X
toa st Y 16 specified by any subset fe XxY
(& tre sk XxY € {(ny)] xeX &k yeY) of ordered paivs )

Sﬂ“ﬁblv\s (X B)Ef & (l.'j )€f = 9 &
(ie. fwall xe X thue 15 ok most one. gEY with (x,g)ef)

~-NOTATION :-
F(x) =y means (x.y) ef

FO0 ) means there is Some Y such that (x,y)ef
$(x)1 means heeis no »
Pfn (%,Y) =L seb o all parkial funchions from X 4o Y
Fun( X,Y) = e cob o oll (tobal)fumbons fmehY

fhose, 56 PI(X)Y) such that - f(IN/ fov (x” xeX |

20


amp12
Note
Any questions about these definitions?


DEEINITION :

S

f-e an(N", N) is (feg_n_ﬂ@r MMJ\t'y\e)Cvmp_u!'abk: i
IE& oy i Were is o register machine M with

ok leost N+l registers, RO, RI,R2,..,Rn Say,
(ond Moybe Sovve Sy regisiens ag \NCM) with We
propety that for oll (%), %) EIN" and

all yelN

Flrirta)zy ifbonly if e computotion
of- M Starking with RI=%,,..» Rn =3, ,and

oll olher registers =0, halts with RO=Y.

<l



‘E;;%" _H7\.L eXomp le ,
ok e addits ple register machine Shide
addition fnckion” (g B vy s Ugmwﬁb \Lg Shows

ny different  regd |
Haok OQVV\\Q:/N\{; e Smmg; b ol %ﬁ?ﬁﬂ*’.\’\m@lﬂm&

O{; Conrs<L t{m :

Investigahon ,
o toe cowrse, for tre moment L s A wmajor cancem
WD QK.O\W\\)\U S JMS]C S00, SO,

22
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Multiplication : £(x,y)= xy 1S Computmble

t N

STARY

R
N

,—(Rz,rzs.ko)==(o,R3+Rz,R0+Q2.)J |

L———(‘QZ.J,RS)::(‘luﬂ?;,O)-— J

RY™ >
\ undir the asswmphion R3=0 }

w
_‘( R2,R3,R0) 1= (RZ,0, RO+R2)

Henew 1§ e machine is stofled with (R1,R2,R3,R0):= (x,4,0,0),
k holts with (R1,R2,R3, R0):=(0,Y,0, xy )




Pooposihion.
The fo\lDWiV\% ari Bmnehic S‘MHO{\MS owe all Oompw('nlole;

(1) pm')eu’c{ovx ﬂ],ﬂ)"tﬂ X
(2) Constamk f(u)‘g n

, )(‘3 . If 553{_
13) uncaded sablrackion %7y = {

o , f Yrx
(%) inkeger division  xdivy 2 i integer pavk ot X1y, i y>o
g / '{ Y=0

(5) inkeger remainder X med I y (xdivy)

(6) exponevhiahon (& 2) f(x)= 2*
(¥ \og base 2 lo_o]z(at)”l:?t {

ngf —wat 0S on xetise n feq\'skr madhine ijmmm\'\'\ﬂ!



One n Solve these kind J( ])vv%uvm M 4 mwore systemahic Way.
by Compiling Algonlims for e functions  intten Using higher- leve{
Contypl  constcks  inbo Fﬁﬁis‘r?/ Mmauhine \G{V\SU\&}Q.

Fret nole ot re is no loss of gbmmhhj (i-e. the clasg 5@
Oovv\p\/\{'v\lol.e- )wa\dﬂ'év\& Yermmaing V\V\Ll'\m'\g,d) If we  work it
roiskr  madaine progrowms  (uilin \%mdchg one  HALT  instyuction
(becamse ... ). S0 gmphs of programs look s&\umo\h'u\ltj like

Then we  howe ...

25



Sequential composition M, ; M,

STA }\>
' ”’E——’/’ M [T

IF R=0 THEN M, ELSE M, | WHILE R£0 Do M

26



A Universal chishr Machine

Pak I :
Coding register machines os numbers

21



A key pant of the TUWI'VV} [Ganmrh - solubion of  Hilberts EnfSch&'Amnjs‘
bW was to exploit e idea thak

(fownal " desenptions of ) m\o‘}w{ s Coan be The data
on Vich oxlﬁorﬂrhwxs Ak .

We are using reqisir madning As Tt fomal degeription G e informal
néhon O} "ﬂ\ﬁwi b Sinee  the data  that Ngiskr Machines manipulake
ot ywmbers | to dwvelop the above idea e hawe o [hawt anm
Agontiwn 1o ] code reyiskr machings as ywmbers ™

To M thak e need o be able o wde {?ﬁeﬁ,?w(;m” »
1A\l ISTS YYWn

Ay vwmbivg, Tt e AW, Wans o ollmr\% that @ e X pbn one
Conveniank Way ...

Snch oool/{vw},( oe o@km nlled  (xodad YMAm\om'vxgi, of ber Goduhs ov\'ﬁir\a\l
nie & TR i ¢ his  edinvg (% owithnehic fomaas as mumbers Was

n kbv(] M st Inis Pwﬁ & e fovmomws  Dacomplekenes Thowrem .

28



Coding pairs of numbers as numbers

For x,y EN define

Thus

{x,yp =e’£=
{xy4)

(X,g ) in binanj

<X%,4D in binary

2% (2y+1)
= 9* (2y+1) -1
X 0%
Fo——
= |Y In binary Q:-0
— 8 in bs’nand 1---;1
W._/

29



Honce
¢ (—-» ond <~y > boln determine injechive  §unchions
faom N XN to N, Ie.
X, Y, P = Yy P = =1 X Y=Y,
K> =<, D =k Ly =y

o (- -» i5 o swrjechve fundin Hrom NN fo {Zéﬂ\llZ#O})
ie. fov ol Z#0 twe wre X,y eN wth {yp=2Z.

o <-,—> ix a Swrjedie funchion fv'\)m Nx N to N
o fov all 27 Ak ae xye N it <nyd=Z.

ond hene -5 is o bijedion (aka. one- fo- one
conerpovdone ) betweun IN XN ound N,

(ond <—>—p a bijechion kebwean N3N ond {%}z:lro})

30



NOTATION for lists (of numbers)

IN* & ot of fimbe lisks of nakural numbers

= {nil} v v N’umun;l”u---
?

W\\qu “S" I\'S"s LR |i“" <X‘ peacy xﬂ)

¢ lngh0  Florgthl of lungth n

cons € Fian (N x N, N *)
hw € Pf"(N*oN)
hoil € Fan (N, N *)

tons i o bijechion from NxN* o HEN*l {# ni(}!—
head ( cons(x,0) )= x | head (nit)4
toil( cons( 2, 0)) = £ | tail (nil) = nil
L = cons (head (1), tail(1)) if {#nil

Every list can be built wp from ﬁni( by repeoted  Cong’S :
()32 Xn) = CONS( %y » Conslny peoes (ONS (2, Mil) o~ ) ) 3]




Cinn’ lisks (X)) %) EN * as numbers [#) %, N

Define LwpresXn) €N by iInduckion on e
length of Hae list (s 2n) €N

cAse n=0: [[nit] € o
INowcTiow step ;| [cons(x, () & {x,[{1)= 2%(2[0)+1)
Tous n genemd [3) 5y = €3 {3y, (om0
Fom tre defintion of €=>-) we gok

l["n-"»"»] in binany. (= 1410-+0(4]0-0 100

. x, O's x,, O's Xy 0Ff
Number 0{ s n = lQ,ng“\ GF list (In'":xn)

Hene (5[] determines o bijedion from N to N

32



Examp\sz/;:

[3) = [ons(3,nil) ] = 3,0) = 23(2.04-]); 3 decimad
= 1000 bmmf}

“~
3

[h3)= (1,[3])» £1,8) =2 (28+) = 34 dicimal

= 400010 b
NG MMQ,
3 1

23b  decivaal

[2,3]= 42,0023)) =42,390 = (234 +1) =

= 100010100 bin
'l T N%

. A T

(N8 revennl 5 onler of list Whon readivg loft-to-right in
binmy repr%wh»h‘m-)

33



In oo o wde register moadhing programs  as yumbess |
withovk  lss of gonenlity (e without  nffecking Hhidh
poial fanctions  can be ompw®d ) e can assume :
— tre rgiskn 6 a madhine Wi ] regiskens one
alwarp called RO 5---, Rn

— e (abels oCcuviry i 4 register MAchine progmam  one
Glad Lo, L1, L2, ord g 1) instruckion in
tha progmam \isk‘iv\g i< |abelled Lt.

3y



Codins register machine programs Prog numbers "Pro;eN

LY: bodgi

Lm: body,,

fhen "pmg" .d-ii [coJC(bodgo) yeee, Code (botlgm)]

code (RiT= Lj) = {zi, )
e Code (Ri™=> L, L) & L2i+) ,(jsk>)‘

code (HALT) Z ©



Any x €N decodes uniquely as an inshuckon :-

if %x=0 then #w inskuckion is HALT
dse duode_. X as apair X =y,2P and
iy is even Ben inshuckion is

RitaLj where iz y/20 & j=z2
ese (y i odd and) decode 2 as a pow ZeCuv)
ond Men Me instruckion is ) |
~ RiT=s Ly,Lk where iz(y=1)]p ,j=u & k=v,

| -

Henee any e€N decodes uniquely as a program Prog, .
called the (register machine) program withindex & :

first decede € as o hst e=s(x,,...,x,)
and then decode each X; as an inshuchon,
AS above, 36



T\__l:% (1) The program sl {vvm Hnis duod{w\ﬁ pvv CeAs masy well

V\M jumps fo labels  qreater than tae T longth o fre list
& inshuchions | ie. T associsked N@«'dw Mmadning  many welt
be apable & V\o\lh\r\g UTONeDUS Ay — bt o matter,

(2) In (e Q:O:[ni(] e g‘#{’ an O/W\pJ('\xj list 4 a’m‘rmdw’mr,
R\ b\d onventhion e regmb Ad & madaing  hat does /\olh\'V\j,

Exomple : dewde 666 as a progrowm (for e y%\'s%r machine $om hell !)
cecirm 666 = binary. 1040011010

- [1,1,0,2,1]

Nevv
0 s Gl fvv e HALT

1= €0,0> & Wl fw_iV\sW\Ad\'m RO LO
1=<1,0» = €1,<0,0>> s Codt fr RO, LD

Lo : ROTAaLO

So bbb dewdes il L1 : RO~ LO ;
° w progum | T, . e (Which nawver halks),
L3 - RO ~LO, L0

LY : ROt LO

3t



A Universal Register Machine |

fart 1 :
Descriphion o{- e machine.
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High- level descriphion of o universal regisker machine, U :

® U has rcg\'ﬂ'ers P(rogmm), A (rgumenl:) g ooe

® Loading P with value &, A with value a and all
obver registers with O, then U acts as follows :

— de&ode € as a pro,mm: = rfrg;'

— decode a as o list of regisher
values: a=[ap, 0,0

— comy out e computation of Me regisker
machine program  Prog, Sharting With
registrs Ro,RY,...,Rnset to 0,a),0,,..., a,
(MJ ang oltwr ngishrs oaurn’na 17
Prog, et b0 0).
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Overall struchure of U's program :
1 copy P +o'T, copy Pt ibem of lisk in T o N
(HALTing if PC>length of list) and goto 2

if N=0( = code(HALT) ) then HALT, else deccde N
os qy,2>, assign yto C Xk 2 o N, and goto 3

{At this poink
either C=2i IS even & Curvent instuction is Ri>L] where j=N
or C=2i41 v odd v v v RITsLjLR w <j>le>=N}

3] remove register values from lisk in A up to e cne m’uired* |
{ e i"‘},puﬁ"nﬁ it in R & saving preceding values as a |
lisk in S, then gobo 4

1 execute current inshuckion on value in R, updale Pc
{to J or K asaboe},restore register values from

Rond S b A, ond qobo {

X See Nole on p 2 1+0




The registers of U and e Ble fhoy play in ks program :

P~ holds the code ofr e regiskr machine to he Simulated

A - holds cwrrent  contents o‘t— Pﬁgiswﬂ‘ G{Q e Ngis’re/f machine M“j imunlated
PC - program cownker - polds The vvumber of twe cwrrent instruckion

(Coxm\'m% f’vw\ O)

N - holds the Code of e Current instruchion

C - indicates TR type of the cwrrent nstuchon

R~ holds e tontents of simuwlated madhine's regiser thal is b ke
noenanted [ dccremented by current insthruckion (1§ nsk a HALT inshuckion)

T - \/\0\0\6 Q NMQ{V\% wpy of the Program code
S,? - owx][((u/\/{y regpistens for nteredide  Lompmladiong

H



Note

At siep 3 ik may ke that 1> longlin of e list in A,

12 b Cwrrent nstaction wants o incremant [ dearement o *63\5””
N e simulated madaing  that was not msigwu\ A Ualne l% e
nitial valwe 6t A or hos ot been mentioned S0 farin e
interprefed program . By osswmphion, swdh o regisier has value O.
3 in s e, Sowg A=lan-an) W i>n ) ot skp3

A wll ke stk to O(=[nil]), R Sk to O, cnd S seb to
10,0, 0, 70, hn Whun the N?{SW valuus one restored

Ty ok skp b, A vl hold [a,a,,0,.,0,7]

I~ L’-V-~l
0s [-n-|

e s e valne in R afler oxecntivg e awrvent shackion.

The deklid  ponstanction of U's progimm dAepords o T ﬁm& fhak
Variows procedures  ov YY\O\V\iPV\\O\HY\% (Coder df ) lists of numbery

ove regsker madaing pmﬁ«mmmmbu

+2



The program

START-H

copy R
to S

> HALT

to corry out S:=R can be implemented by

e HALT

START

Precondition :
R=x
S=y
=0

O
(s

)
O

Postcondition :

R=%
S=Xx
2=0

43



copy R

.W\C prvgrm START— bo S

> HALT

to carry out S:=R can be implemented by

START

y -
(R,S,2):=(0,54R,Z+R)

Precondibion : Postcondition :
R=% R=x
S=y S=Xx

=0 Z2=0



— HALT

T
¢ Pnsmm START-p|

to ca
my out (X,L):=(0,0ns(X)L)) can beimpl
nscmumﬂly

HALT

Preconditio
n:
X=x
= Postcondition :
Z2=0 ¢
; = (o, ()= 2(2l41)
= 0 |

"



— HALT

-W\Q, P"SM START-p]

to camy out (X,L):=(0,cn(XL)) can beimplemented by

HALT

\(L,2):=(2Lt1+7,0) )
Precondition :
-~ \x\on Pos’c)o(onol\'ﬁon :
L=1_ "
L = Cx,(p= 2(20+1)

Z2=0
Z2=0



[push X
e Pnsmm START-» bo L

— HALT

to canmy ouk (X,L):=(0,comns (X,L)) can be implemented by

— (LZE): =(2L+%,0)

' @'G@

START

_ J
Precondition : Postoondition :
K= % X=0
L=1( L=qx,{)= 2,('(2!%1)
Z2=0 Z=0
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— HALT

e program START -]

o camy out (X,L):=(0,0ne (/L)) can be implemented by

—(L,Z):= (2L4+Z,0) 3

HALT

—(L,2):= (2L+1+Z,0) J
Precondition : Postoondihion :
X=% X=0
L=10 L = (p= 2(2+1)
Z2=0 Z=0

y3



The program  smer-

POP L | gnur
to X

Specification :

ExiT

(%,L):=(head (L), tnil (L))

—> HALT

START @ no

i L=0 ten AsSIgN 0 to X and 30‘\'0 ExIT,
else L=4x,(} soy, assign X to X and [ oL,

and go\m HaLt



Implementakion of  s=™ l:.:PxL FHIE

ExiT

HALT




Implementakion af staaT{ L Vo PR

¥ (assuming Z2=0, L>°T
ST (Whllt L en do
~ =4L;X:z x«)
'--'—(L 1)
x‘l’
| —F E
START —{ %~ L™ ' L'.' ;.,/ L. \E. \z- 0 > hacr
EXIT - i* L*
if Z+Loven then ’
(2,0:=(0,% @+L) 9o E
else
| @\:= (o,%(zu.-l))hgohg J




T program for U

START -»

PP N
4 2 Pwc
to PC | to R
A Cewn K
pop s push R
to R | to A
- PPN \ push R
R to PC | ko §
C odd
4 3
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Tre Halting Problem



DEFINITION : a register madchine H decides the Halting Problem
if, loading R1 with € ond R2 wik [a;)-,0,)
(and all Sy regigers it 0), Ine Compubation of H halts
with RO Contnining either O or 1 ; morecver
RO contains 1 when H halks if & only if

e compvhhon of e register machine program

Pfoge Starked wilh reqicters Rl,...,Rn set +o 0,0,

(and oMl othev rﬁg\S‘\Us Sek to O) does halt .

THEOREM '; nosdck register machine H can exisl'.l

Prock := Suppose swch an H exisks ond derive
a contradichion ...

g


amp12
Note
see page 36


Let H' be obtained from H bJ replacing

Py RI
CTART— by  START — . 5

push
to R2

>

(Where Z i & regisker not mentoned in H's  program )

Lek C be obtained from H’ by replacing
Qach HALT (X eadh jump to o label with no \'ns%ruch'on)

oy Cy
&

Lk ceON be e imdex of C's progmm .

>0



C started wilih Rl=¢ e.vcnimllg halts
iff
H’ started wih Rl=c halks with RO=0
i
H Slarted 1l RI=c¢ % Rz-[c:l haltks wth RO=0
\ff
Pm} Started with Rl=c does not halt
C. started vibh Rizc does nok halt

CONTRADICTION !
(to the assumphion ot Such an H Qxfs’cS)




Racall

DEEINITION :

S

f-e an(N", N) is (feg_n_ﬂ@r MMJ\t'y\e)Cvmp_u!'abk: i
IE& oy i Were is o register machine M with

ok leost N+l registers, RO, RI,R2,..,Rn Say,
(ond Moybe Sovve Sy regisiens ag \NCM) with We
PWP"*S hat {Df ol (%), xn)GN” ond

all yelN

Flrirta)zy ifbonly if e computotion
of- M Starking with RI=%,,..» Rn =3, ,and

oll olher registers =0, halts with RO=Y.
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Enumerating computable functions
For esch €N leb @ € Pin(IN,IN) be e
Partial function Computed by Prog, , i-e-

Ql=y gb ine. computntion of Prege stured with R1z x |
L e ((M\d all other ﬂsism md) haltts mith ROzy

Thus :
e function € > P, maps N onbo e
colleckion o all Computnble partial funchions
fom N o IN.

S3



Not all partial funchons are Computable

Define § € Pn(N,IND by :
¢« [ O f @le)r
$e) = { !
undefined 1f @ (e) ¥
CLAIM : £ IS nok Compubnble .
PRoof : If § Computable, hen £ = @, for some €.

-W\M h def? of
* ¢, (e)1 de’;:—.'.;@F f@)=o0 '-j=>af ¢ (e)=0 =>%(¢)$

¢ 9O => for = %(en"mlrloﬁm?




(Un) decidable seks of numbers

A swset S € IN is (register machine) decidable
If & oy if there is o register machine M with
e property : for all xeN, M started wikh R)= x
(ond othay regisiers Zevved) a'WM’S halts with RO Gninining
ibwer 0 or 1 ; meveover RO =1 when M halks

if ond only if x€S.

Equivalenty: S is docidable if s only if there is
Some © Sudh Mat for all XN
eibner ( ¢.(x) = 0k x ¢S )or (q(2)=1 & xeS,)

S is colled undecidable if po such M (or ©)exists,


amp12
Note
in other words, the characteristic function of S is computable


Some examples of undecidable sets of mumbers

”ﬁ{@,a) | ¢.(a) )

1. one- Mgumu\/c venion of HA\hn, PM,\c.m

- —

SH el g}

re. _"’] rgiskr moching to decidt Whether amy progrmam halts
Whanm swpplied ath jnpat O

={e. ' @, is o total fw\ch'an}

ie. ) ryister machine to ducide Wnelher any pogmm halts
for all inpwt data



Exd. Tre oot bt S, ¢ undecidable i= bke the proof
0{2 e Wr\dzcizif\bﬂiw UFJI\NL n—aquwwmk 'Pm\i‘inﬁ Boblem

v Alawe, extept ot Now e ‘N\nd'»f\a}\'m 0'{ H
o 0/
re,P\a\UL START —

P R | 1>V\§‘l'sz @ |
by START —+ to‘ﬂz “’\ to R

l T { ? { 1
—e, Ri=¢, R1 = €e,ep, R1={¢,e>,
{'%.._%} {Z"Q}’ =0} Z2=07%

(e rest- & fre Mﬂ(AVv\.Q/N( i< A Some).

SF



Ex.2. Undecidability of S, Can be reduced Fo the
undecidabilty of S :

If M wer o register machine for deciding
W\QW\WSV\OP OF Sz 5 MV\ ‘9\2 ﬁg‘i“f MC‘\OM
Specified by

decode Rl a3 a par <8,a)
START —* ond put ¢ in RI and
a n R2

J | M’s prgram
decode R) as & progmm START-*@ ;
oard puk in Rl & code for the  program

o@Dl [

R2 Oo\ne,s

would decide memberghip 0f S;. So no Such M exists,
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Rumadl . We com restade ’pvv\f« 0‘% Ex. L W fermg o{
rfv»vxdr\'vm: it Swihius to show that trere s &
A f € Fan (N, N) Sodw’sq(jiv\ﬂ

o £ IS CGW\\DV\WLQ

Aol ety G 0= ()

ifaomly of nght hand sde v
and In et case Ty awe
gal(see page 89)

oA e <Q;CL>€8\ ®{§C<Q/ 0‘>) € §1 ‘

oY in W e e fov swheeks $),80 N
S, decdable, £ smpulnble & VxelN. 1€S, f(neS,
= S, decidable -

(i ?) v

MLANivg left hood Sde & 7

J



Ex.3. Undecidability of Sy Can be reduced to Mok of §;:
If M were a regisker machine for deciding
membership of S, then e regisier machine

Specified by

decode R as o program START —+{ Prog)
START —» ond pwt N Rl o wde ‘ﬁw T program

START 1—»[-]

v

M's progmm

would decide membership ¢ S, . So o such M exists,



Turing machines
and the

Church=Ti lm'nﬂ-mes is



Rugisier maching tompntation  tokes for gmnted at e howe Some
ponuete  representaion o e natwal nwmben and TR elument oy
mpRThoNs 0w Them O Inurement, Zvvw Yt oond  deorement:

Tarings ovigival  model ¢ computialion — now called a Tuning machine —
formalizs e minitive  nehon of Olgon'i-hm M the  wost  conereke
Rives possible (Twavy ar@uw&), Where oven  pmmben have fo e
represented @/xp]{aﬂ,\,y n Teme of o fixed, fyarke  alphabet oF S\jm]mffs
KQ«@ Wy ndton | b{vwma, NnStehon 0/(‘L>

wnd R QlUMﬂA/\(\’m/v\g WW\W\W\S have o be %N*em WP“(A’\'(AZ’ in fems
&(— O/lmv\r\wvx\-wvx& S\jmbvf—mmmipm\o&\'\rd&, Opem’n'ﬁms

6l



Speciol firstaumbd o T TT 0T1 104 [

- Turing machines — informal descriphion

moadhine is —

in one \\
o §inile Sk tope head is
K ¢ stotes JSC@VM(V\Q symbol 1

- linear tape, uabounded te
J he WJV\t and divided into
(‘ellS‘ each Conhmmﬁ a So:’mbo(

o finite adphab(’k N,Ed,\

- m&m;ﬂl Starts Ni"\ ‘i'ﬂPL hea‘ mo? ﬁ‘g S?Qc,mk ovv\k S%lmbjg& .
Pointing, to

— maching (omputes in discrete steps , each ¢t which depends
oy on Cuwent stale X symbol being Scanned by tape head.

— achon at each sep (1f any) is :

overwiite cunont tape cel with o Symbol,
move Icfb or fie oM. cell, or Stay s‘htm\arg p and
"“"5‘ ang Cr Stake . 62




DEFINITMON © Q. 'ﬁ».rins machine Consiss of :

® o fini’ce. sek 2 O‘F tﬂje- Syv'\bf Is y Cowtm'ning

d‘sﬁnguished oloments { = ;lam: Sljm::dl
<9 = st 5_3!\ 0

® o linte set K of machine states (diS_iOiw&fmmZ)
Cow\'aiv(ma, a Special dement S = initial stabe
® o funchon
Seﬁm( Kx2 , (Ku{acc, rej})x ZX{L,R,S})
called #he Cranstion funchion of the machine )
Satisfying. : Jor all 9,9%a’,D ‘
i 8(q,9)=(q,4)p),
hen a'= < and D=R
(N8 acc, ej ¢ K are Special %C%H%/:ggedﬁng, Stodes )
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Example cf o Turing Machine (ped)

2 =1<,u, 0, 1}

K= { S, %qf}
Poe
S (s:R) (9 ,wR) |(1¢),0,8) | (r),1,S)

9 | (49R) | (9,0,L) [(9,9,R)] (q,1,R)
g | (%) | (occu,S)| 14,0,5) | (g1, L)

€31



The tonsiion fanckion B Specifies how e Tuning machive dhould
adt of eadh Step. I
crrent State =9, € K
onrvent tape S\gmbu-e = a €
od  d(g,a) = (g0, D)
‘HT\M\ :
«if g'=oac e madive has readhed accephing Siate (& stops
oftor ovrwviting o Latha)
e if g =r], b Mmachine v reachd xejeckivg. sha (B Stops
e oy A iy 0\‘.) '
e if q'e K, the madhire -ovemrites a waith A’
- thaunges to State q/' . ond
mwes one cdl Left of D=L
{ v v " 8[31'\\' v D=R
Stagt Stohonewy ™ - D= S.
('\_);B_ becose & e comdiion o © in T dbf—fm'\‘l'?m on 963,
i o=<1, o wachine nawver overwmtes <t atih amytixing else
o mwmg,; moves Yo tha ﬁﬁl'\‘t)

by



ATW%V\@

machine Confs gum{:j on

(v

<1

a, Q_MJ 0,(04]G |00 O 1) %o il

syec'rfi;a by a {;iple

Con be

-

— )
(q’) L, r)

Leurrent stk € Ku {acc,rejy

finite,non-mil list of elements t’f# 2
L =(A050-1,0-75 s _, 1<) S‘t&\/‘:ﬁ’\é Lot cmvendt
SBW\M> IQQ&V‘@ ﬁgh&-hﬂi\: R endiv‘& Wwih <

— Sinite (possibly, nil) list d dements of T

0 = (1502, 1,0 ) Storting. kvt Symbo( o vight
Gﬁ.cmev\t o, fdiy) L—gr{q‘/\’t ) ding at sove
Point (e trare. owe blanks to Hre, nght,

65



Transition_relation (g,,(,%)= (a,,0,m)

is defined bo hold ifonly i§ 9,6, 6, q, L, T,
motch ont o fine follm cmc.s v

J(a,, cons(a,l),r) = (9, L, C°"$(“';"))
where &(a,a)=(q/,4',L)

O (q, : Ovns(a,l)’ﬂil) -> (q/,; c’”‘(‘-’:“”‘(a.t U);";‘)
where S(q”“) = ( q,') a’, R)

®(q ,cons(@ay{), cons(b,r)) = (q, cons(b, ons(a’,[)), r)
where 6\(‘1,14) (q9,4,R)

@ Lq,, Cons (ﬂ,l), r) - (ﬂu Cons (a'l ‘)Ir)
whre 3(g,a)=(9/,a,8)
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A computabon of tw Tunng. machive Consists of
a finide or mfinite Sequen O% trangihions  behween
configumadions :

(s,<,7)=(q,,4,5)>(0,,L,1)— -

.|

mhal  one-elowent |ist
Stende. )V\9+ (m\\-mmv‘g<1

“NL (Nmpw}n:\hw cloes not hﬂdt l)(' fie Sequ\m_ 1S mfw\\}e
halte v v Fainike, i Wi,
Case. e Lot vafwﬁv\mhm IS 0‘{- ’H’\L fDTYY\ (acc { r) OY(reJ ¢ r)
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ExAmPLE

Consider e Turing, machine with
z o {<) ""10’1} J

K={s,9.,9%

ond B ghen by 0 1

s | (s,9R)|(9,,R) (ICJ', 0,S) | (ref,1,S)

q | (vy<,R)| (9,0,1) (9, 1,R) (1»1. R)

qf (“eSﬂtR) (ace,u,S) (I'Cj,O,S) (q:l1!"’) ff,éi

Then the Oompu{'o&ion Starﬁt\g,-ﬁ'um conf.’gumﬁon (S yd ,u'iO)
halts wnfijumkion (acc,ua, a+10).

68



©
Example, conhnued. ] @

: 11 "‘1 O U"’ ...-
: . k{L <] | ;
90 'ﬂ/\l S‘raﬁiv% oonf\%wmhcn |ook§ |\

e Gl configneation looks Wke

<Qui41---110(u ...

Xt e alos
OW\J e \'mmﬂ'iw\s bd‘weu\ Vad )
*xO
"x"o) S ( S, u=, - 1-
(3)4)'—5 ( 4u<)x“‘0) ',Wpeh(ﬂfj
T i MW:}\? r’:glzx’t

Y (61/)05_6._:4,“"\)
— (g, uxtiua,nil) \

) Xt O ta l/\w?
—_._3 ( q/) x""'—-'i) ) W\:t;v} ‘efé
._:_:, (q/')ud)x.‘{"O)

—_—> (O\CC) < )7(+‘ O)
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PROPOSITION :

'ﬁ\z (nmpu\'ah'cn OF a Turinj W\MMM’.

con be implemented on a reaishr
moch ne.




Prosf.
First, represent tope and Slade suymbsls o bu Taning machine

b\} wmbeys | Sm}

acc = O
rej 1 < =1

5 =2
K {2)3) ,Y\} Z {0 1’ A }

Then wde Twm% machine owxf-\ worhons (g, £,v) s numbers (g, [€),[r]]
(nsing, the oook\ op |sts 6t rmmbers a5 Mambers that we doveloped QN‘l\Ur)

Smuz tre Wsr’hm fwnchion 5 cfun (KxE, (Kufaco ) x Zx{L,R,S})
is o finke sek (of (Nﬁmw\@v\f resutt)- Pauv's) one Can constud a

Ye%is\w Machwn vay(v\m c\ao,mHV\a, on rﬂgz{s%ﬂ’
S (Jor stade) , T (dor toge symbol), D (Jw direchion, u{’rt\akz | w;_)
.\W\plw/\u\ﬁv\g/ | S=2
—4(S>T> D):=0(S,T) >

u =0

7



Thon usivg  regiclers

C to hold codts & Turivg madhive configueations

L o Wl codas & Jape symibel st ot & 4o Uft o +ape heod

R w nooow w W w JIE 1O nqk‘.‘ di- n I
he Oomp/&a\%on cﬁ e T\AﬁV\? mading 1< carred ouk lo?
The \-e%;\s‘rer machine Specified on the next Pirge —-«i.e.s’rwéiy\j,
fre vexler machine st C holling Fa. e of e initiad
Gorfiguorhion (% Al sl reg/\derg zomed ), e r%ad-cr maching
halks | % O\rxl/y ¢ The cone/\?ovxdw‘&"\_wdr\g, machine l«ompu}o\%v\
hotts, and et case C holds e code ﬂ G NY }mad

>



START

pushB' pp R
v{:ol_ o8 -

3
[S,L,R]=C f
1= op L -
e 1 (8,7, D):=0(s,T)
haltin
e
— ’;"b‘_ < (§<t
P*::R "= D
. + - push T
C":[S’ L ’ R ] )-OL
T

(reman s’mh'mo»na,

33



Recall ¢
DEFINITION ;
£ e PM(NYIN) is (register machine ) Computable i
IE& oy i Were is o register machine M with
ok leost N+l registers, RO, RI,R2,..,Rn Say,
(ond moybe sowe Sl regisiens as well) Wil Hae
proputy that for oll (%), X,) EN" and
ol yeN

f(’l'-w’a):} "fk Oh(g of Hae Computation

of- M Starking with RI=%,,..» Rn =3, ,and

oll olher registers =0, halts with RO=Y.

te= -




We howe seen fhaak Turing machine  tomputation  can be  implamentes
by regisier madhings. The tonvense also helds & T Lomputehion

St o rRgiskr madnine ke Implemented by @ Tlm’r\ﬁ maching .

To wwke sense of fnis stakmant, we fink have b fix a
tope representution Of regisier tontents, ie. a tape repred enpation
i fnite lists & vumbers:

o e Lall Use unow\c,} nttion v individuad rambors

nmamber x < 11---1
——
X 1%

e o Wl Uk O b mark tiae bﬂgivmir\g crd ond 0{5&“3{: -

o e Wl use L (M blank symial) to sepacale numlea
n e lisk. |

T we G ke e clphelock 6 fope Synbels b ke T= {,0,0,1)

ond  Than ...

15



if & oy if
precisely two cells conbain O and bhe Oul, *
Cd\S Oonbining 1 occwur bebween these

-A tape ovgr(q,u,of-,j} Codes a list of numbers———]

we call tris cell o swch

Sudh tapes look [ike : tope the initial O cell

<ILJ"'LJ'°1...1H1'..1H "'ul"'iouu"'
: b—Y—J g—Y—/ !v_) k—*ooc
' x. 1,5 12 “S Xn 1,5 O\" U'S

ond Hhe Oovaond\'vxg ‘\'sk q{ mimbers s
Cons (X, , (ons(xq»---o‘ﬂ'f‘(xno "‘0"’))

Ve (% %, ) \
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DEFINITION !
fe (N, N) is Turing compubable if & onlﬂ of
there 1S o Twm% machine T with e fo“w)mg
prerky
Stavting. T from its inibial stale with tage head
on e First sumbet < of a bape coding (0,,...,x,),
T halts 'f % W“g ‘f .'F(xlo'"’ 3!\)JI ’ ond m et
Case Bae final tape codes o list (of longtn >1)
whase first element is Y Where f (x.....,x,,) =y.

THEOREM A parbinl funcbm 15 Twm amyuhblt
H Ov\‘g if s regushr machine muhbk

I*



Trost
e e Gan implament vy T\MNO«V madang b‘@ a r%\'skf ma ching,
it fllows et
Twnrg compudndle = registes mading  Lompulnble .

o %0 thak
h n Q.

one s Jo impament R Gomputalion Sf o regicier madiine in
Tows &F a Twang madane mra\\'vxg on a fagpe Cod\'ng, mstantantons
Raisler  contents . To do Mis. one has o see how o Comy ont T
acion ¢k ek i\jpe a} regisier madine  mstuction on e tape
epresentrdion of rgicer  fonfents . Tt showld be  reasonably  cloar that

fnis ic posibe  In principle , tven if tae  dekails (Whidh e omit)
ot Sonumihod Fedions. .



CHURCH - TURING THES!IS ¢
E.VU’% olgovi\:hm A (in e intuitive sense)
con be realized as a Turing machine.

Ov, equiva\l.om\'\/ﬁ , ey o\lﬂor{w\m can be realized
as o reqisker Machine .
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The Churh-Turing TThesis is nob o Stademenk  that can ke proved
bwq\u’\j — because If Y‘Q}Q/T'S fo the I'Y\fUYW\AL nobon d{ HO\%OY‘I‘H’/\YV\\E

mﬁvwg gore o dnsely momed justification that his machines caphred
fn furdamental plovaonts of e nohion of O\l@on'\%m, Sinee his Ha
muon empivical  evidene has accumunlated 1o Support e CI/\wcl/vam'r\g

Thasis :

o Sovenl Uxnsions ot ndtion of Taeing machine (and register machine )
ot howe been Pyv\oosul (6. txkensions bb non-deteemmishe fahures
or by paralid mputadion ) hawe all ben Shown o howe qumlm%
(_)OW\P\A‘HV\% povser o x Oviﬁiy\ad fwwnm\ah'm.

@ A number Gf alternakve fOWY\M\'%AHW\S 5;[ e ntwibive  nohon O‘F
algeritam  ( Sorve & Which appear guike uncovneded  mth  The
Tnring, (Tgister machine Tormalism ) have twoned owk o determing
e sanae  wollion of Computable funchons

&0



Some approaches o compubability

® Church (193¢) : (untyped) lambda calculus &

A-definable funchions.
[ee: CST I8 “Foundations of Fnchional Wbsmmminﬂu Cowrse. |

® Turing (1936): Turing_machines.

® Godel-Kleene (133¢): parbial recursive funchions

® Post(1943): Canonical Systems for generahing
Weorems in a formal System.

® Markov (1951) : determinishe version of Posts
Cononical syskems,

® Lombek (1961), Minsky (19¢1) .

reqisker madvnes.
Shephentson - Stwagis (19€3) Tegister madw

&1



Church’s (unhgped) A~ calculus
_ IO\’WD!Q\M : P\ol' Mﬁmmﬁ’oh)

)\-i-erms M: :v x))\le MQW)

@ reducbon M= M’ : smallest relabon A3

At M (N) s M[N/x] " Shbshiution

if Mam' bun N(M)o N(M) & M(N)=- M(N)
k AX.M=a2)\x. M

™ Charch numeral @ My = Ay-Ax. 5(5( lyln)) )

' FePIn(N,IN) is A-definable iff 3)« er F so ot
fM=y & F("x*)=2=y

ITHEOREM : A-definable = CompuFable 32-|




All o T above opproadiesy give rise Jo fe Same collechon o
powtial fundbions from ywmbeys o umbes.

The Ssame 8 twme for oy "general pupose”  programming
(WV\{))MO\?Q/ (tndeed, one nsmally ke as o depiaion of
"goned P\Mprf}e“*ﬂ?\wt ths lomcz)vxa?e Can  (ode Gy
wpuinble powiial ﬁz\ﬂ(f\'\\?ﬂ)

We il lock at owe o} the obove , altomative appronches n
Sowne detml — V\m/v\wg e Goddd- Kleene ik evi zohion
6t Compuimble fundbions o "parhiad R orsive fanchors ..

ov —TM\'V\j lpow&/jcviﬂ

&2



Primiti
tive recursive functions

33



Aim o give o wove abstmde | machine - wdependent  descriphion of
e olection of Computable partial fundchions |

We il @v@/\%v\m\% havtkerize it o AL Spallesk  collechon Gintaining
Sora Dosic fv\vwc}n'm\s and  closed undar some fumdaw\ev\)ml
opTmhons {\w fwmm% nw funohions fmwx old, Wiz .

Composition, primitive Rumsion and  Minimizaton.
T cdamdonzation i dme to Kleene (civea 1936), W wade Use of
owlior, rlakd  oorke \0\6 Godd and  Herbrmand .

We beginy b% lookivy Ak the  bosic §\~V\C\L5WS) Cormposition  and
])Yimih'\ze eowdion ; Wnimization Wl ke considered in e
cecion v pamhial recwnive  functions.

&4



The boasic funcHons :

Projechion funchons , proj; € Fun (N, IN)

pmj?(!n xn)_f > ¥

Constant fw\d-ion with value Ztro, Zero € Rm(N': N)

d
%ero"(l.. oo pxn) =€.f O

Suciessw fund'ion , Suc € Fun(N, N)

suc(t) L Y|
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PROPOSITION :
' A basic ﬂ*\,w\d\'mr\s e ﬂvmpul-a\bka.

P

Prook

A re@\'sw madane for (/ompu\h'y\ﬁ

proj?

£Z%/0

SWnC

IS SPQ u’f\‘e_ol b\g

\

\t

Ccopy R1

v START
v START

o
to RO

26



Composition of partial Sunctions

Given f €Pf(N".N) & g, -, 9, €PIn (NI INT),

defw\z fo(g,, .g,,)ean(N N) by :

def
f°(gv"vﬂn)("v-'-:xm)=2 é) there exists

(M1s->Yn) €N so ot

9‘3\; IM)—y‘& &3'\(&,,..,1’“):,”
a’“d f(‘j\) s’r,\) 3

.
- ——

T\rw\s fo(91)29n) is the unique m- oy povr{'ml S-Mnd')on h
Sath\j V‘% h(Xw"’xm) = f(g, (x,,...,xm), - gn(a,,...,xm))
(e = dundes Kieere, cauivalencs -..)

r;'m : In case nzs1,we wrike fog inshead Of fo(g) ]




Rewll (from p.20) thot for o porbad fanclion  he Pea( N™ N), we Lok
"N, Him) =2 for (s ), 2) €07, e o mean  hak

h is O\bﬁv\w ot (%) ond takes value 2 There |

T " hixu-s ) i on &xample & o Dortially defined Ex pression,
8. AN UXpression WDhich  eilrer dendles o peaific vale (o ywamber, i

tis case) ar is undefined.
“S‘(Q\Uu---))(m))..-,%n(ln---)lm))“ i< a nwore awplicakd uamplzo%

SWWN P(Nr’n'ax\\/\(xI a(ﬁ(wv\m UXPreASIONS.
Given two partialny defined @xpressions € ond @ e Slalenunt
e =¢/ (“eond e e Kleene Qq‘v\{\ml,wkv)
1S MV\UQ o mean
Yoty e and @ e ot MAM{'\'V\ILA, oY M ovre  botla d@f’;(\u\
ond T valwes ey dendte  are ez‘w\L“
Kleene @q\/\{vo\\ﬁv/\w— Alowe one o express Stalements oot
wndehinedvess o quhi’% n o lnvenient 4 Succinck fom.
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—PRo POSITION :
If £ ond 9, g, ore all computable,

then S0 is Felgyrsgn).

Proof.
Given rzg\s’fe" Madnne yrogmms {

Computing f(y., “Yn) in RO S‘l:ar'hvy wiih

R,,-..,Rn | 3!) 3" (h
Ry R Set ‘h:{ , then the

Jollowing graph Specifies a program umputm_g
£o(9,1,9,) (-9 %m) In RO Starting with
R',---;Rm\ S% fa x‘l”’)xm ‘ D

39



P
rogmm(x:for fo(g|,..., 3,) :
START — "'--;XM)::
(Rl,-s Rm) G, 1Y :=Ro _3('?('6 ,RN) =
), 9
Q(K\,..., Rw) &= >
(X’;,XM) il CTZ _%,YZZZRO _:(R(‘,o ))QN))- )
C(R\, ,Rmw) i = AR
(X” . Xm) [ G =iz Ro a(R('cS "Q'\'))-
QR\,“., Rn):= )
(Y\,..,\n) -
C‘n on

We assume programs E Gl

(Warre N3 mstc{nim}) and that XI-

not m M \\St

use \Fnsbrs Rl,..,RN

90



To motivade the definition of Primitive recursion,
here one some examples 6{' recursie defv’niﬁw
of partial funchons € Pin (N, )
1. Sumad 0,1,2,..,% | +
swm(Q) = O
sum (+1) = Sum()+ a2 +1

2. n" Fbonacci number
$ibo) =0
Sb()=1
Fib(x%2) = fcb(x) + fib(x+1)

9.1



3. Afunchion thats undefined except hen x=0
fg(o) =0

4. Mc Carthys 91" funchio
= | | ~-10
ﬁ(x) i x>100 then x-]

eke £(£(x+1))

(i maps x Yo 91 i x<£)00
and to x-10 otherwise )

%-2



Primitive recursion

Given F€PFn(N, N) and gePi (NS IN),
dQ('iV\Q. Qnu,’g) € an(N“*', N) b_lj

def

? (f 9)(’|0 olnpl) ” @ here, oxist Yoo Yoo Y
swh that  F(%) %0 = Yo
B g(Xyrmdnrlr Y )= Yiy Sor i20,..., % -1
X Y. = Y

Tt folows ok P"(£19) is the unigue (v\+|)-wl\3, partial
fundion h satisying.

{ h(xlv oxn’o’ f(xﬂ ,1..)

N(yreees X o X4 )E g(!.r"v oy @ ph(xu"vxmx))

9



PrRoPoOSITION

l _T_G £ ond 4 owe Oompuxl"ab\e,TWW\ © 8 @“(f,ﬂ),

Proct
Given  yegister madaine progroims

£{0ty 35 Xn )

g ()‘I ) Xn+2 )

Rl,.-, R 1> Ky
in 20 storting o {7 ghy e

{F Compwhvyg {
G Rl).-, R(n+2)

b

X172
thon e ](b\h\«\riw% dio\ﬁmw\ Sp?u’ﬁ'(’/s A Njﬁism madning pw%mw\
thole Gompudes P (£,4)(1-20) 0 RO Startivg with  RI,.., Rnh)
Sek Yo Ayye-vy Zpyy

92



(X0,.... X(n4)) i
START —» (R!,---.R(MO), —%R(n-n):zo—AF

-

(R1)..xRN) =
(%0yeep X)

c"’ A/ ‘
ﬁbmﬂ) RO R, R} ]

G k— (O;C)Ro, o,,,_,)o)

93



(X0,..., X(n41)) s=
RIART = (Rlyerey R(ne1))

©
~ J\(ﬁoﬁ (nr) ,R(42) R(1+43)

,...))Ql\/) =
XA,...,X1), €
Owe Sowt, reqisters S" (O)C)RO,O)‘.,JO)
\\Q( nanh . .
L *“;Pfjfﬁ o [ while cexin) do

l('\oo(—):z ( '9(”9"'7 Xn,C, RO),C+1)

&
Se
ww R@; ( N> n+2),

934



DEFNITION :

A funchion is primitive recursive if ik can
be built up from Hae basic funckions by
repeated use of the operations of composikion

- and primitive recursion.
|

In other words, the set [PRIM| of primitive
reewrsive funckions is bae smalest get of
partial  funckions conbaining the basic functions

and closed undesr the operabions of composition
and primitive recursion.

bl



EXAMPLES of primitive reewsive functions

Ex.A Addition
Recall e indmdkive  definition (5? O\cld(x,\j)d—_b—ej(—ﬂg, in s (]'F The
sucassor  fundion and Zewo :
add (x,0) = X
{a\M(x)gﬂ): O\d&(o(\\j%ri

Tuws add = p'(,9) e  FOOFx
ourd 8(")%%):%‘“\-

SiY\LQ, JC = 'PY‘DJ: M % = Suc o Pm\s?’ )
add = p'(pmj: , Suco Proja )

IS privaibive  reawrsive.

95



Ex.2  Multbplicakion mw\{:(xgg)&ﬁ X.y Can be iNfMOHWDQ deW\J

tow addition b\at { mwlt (x,0)= 0
mult (%, y+1) = mulk (ny) +

Tws mulk = p'(£,9) it FOH 0 wd gy S rex
Honwe mutt = @‘(zu/v1, odd e (proj3 > proj1 )
- Q‘(zw(ﬂ, p'(proj |, Suee ijg)o(pwﬁ,pmﬁ)) by Ex.1

S phmifiw, e M SIVE.,

Ex.3 Exponentiation  exp (o(,y)dﬁ < on be inLAckx‘welzg de{v\ul frvw\

mulbiplicodion by {Q/xp (x,0) = |
oxp (ny+)= Rxplayy).x

Tiws wp=@'(f.9) Where f(x)"'-f—*i ound g(J,g,z)Aﬁ Z.%

le. f= Swcezew' onnd 4= wnblte (prfs, progd).
Honwe b\} .2, |
Xp = P‘(SMCvEm1, ?'(%(/vo{, p'( pro] : ,SM(°PY@3§)O(PYV333 )pr\:J‘?))o(PY\Z)é ) Mf}) [H ]
Is Prim{’c{ve P AMBIVE
Y6



[ for twe ](\)“NWW\% exomples | e konve w an exercse e wowlkivxﬁ ok éf an
Up\id\' AR sUription ot e {W‘JN’“ W\"LY\MS"V\j its privaitive  recurs ivi’(\j.]

Ex. 4 Predacessor qunchion Preol(n)ig{ v ‘.)c T primihie
' X-1 0f 10
reamdive becomse it Sachisfres { pred (0) =0
pred (x41) = ¢
. , Gk 0 if x<y
Ex.s TY'\AY\CO\M SlAbh’D\()GUV\ W\\V\V\S(Nvﬂ) = X—Yy = { X—lﬁ ‘§ )(le

.0 MK (6, 0) = X ( o
. b
sahafen {min\/\s(m,ﬂu) _ Vrul(minms(y,g)) ond henw is prim. rec. Y Ex. 4.
f x=0
Ex. 6 Conditionad  funchion ifzm(x,\j,%)g{j ,
2 if x>0

Note that  ifzew = Co(priy, projs, poit), whee C e Fun (NS IN)

SOUHQ%\‘M {C(xnj‘w ©)=X
C 4, WA = Xy

T C,omd hena also ij—zm, owe primhive reCrTive.

9F



Ex3 Rounded Summwhcm
IF feﬁAnUN IN) IS pnm rec. ,then so

‘ L, $an
g(ln )3,\,1) = yes Xpyeees ”,2)
f(lu )‘mo)"' “’f(“n 23y, % i)
= { f x>0
\ - 0 ¥1=O

(FN ok et g Sahisfies

()2 3n,0) = O
{-3(1\' ) dn ) A¥) = g(lu pdn, 1)+ v’n;’) )

With j[' prm- rQC(bq# ossumphion ) & add prim. rec. ]"3 Ex.1



PROPOSITION ;
EVQMA Primi\:ivc recursive ﬁmch’on I
both Compubable and botal

(RwAU bt F€Pf(N" N) s total ;f&"“’lﬂ Vs
§(4x\)-.-)l“)J/ ‘fOY all (1,,...,3('\)6 N'\.>

29



NOTE at bxj dfz!riniﬁm o-’f PRIM  (See p.94) if P is some pyupeﬁj
ot porbal fundkions, to puve that v momber of _PRIM
s DWW Pk Sv\i‘f{w& o Show Hhat

(0) We bacic funchions (pwj7, zenw”, Suc) sabisfyy P ;5 ond

(b) \f AP TP 3w So&{gf\j P, then So does f°(9u-~»6m)
[Rss uming & oune that e funchons howe arities for which fe wmposition
maksy Sonse ] 5 owv

(¢) W §%9 sahsfy P, then So dots p"(f, 5)
[Vwe n=onmby o £ & 9 has anty n+2 .

R)Y [)C (ﬁ);(b)é’ ((‘) l/\b\d 3 ‘n’\Q/V\ *{)CE P\Q]N\l f S’D\HS‘E{QA P} contasng
e basic (\Am&\w\s ond 13 Closed wnder  Lomposition ) Privavhive
Rcwsm | ond ene ontams  oll it recnive Sunctions = So

A all §o\h'3f\3 P.

100



Pk of the Proposition on p.97

We howe already ven§icd hat (a), (b))% (¢) Weld  wWhen
Pic the pvvp&uf’o\z " WVYVPV:}W\IOLQ“  hene ety fe PRIM ig
Ovvvxpvx)rm)a\L. |

Now faking P 1o be faL pwpehy "f ic o fobal funchion,
* (W) & (b) pold 5 and o See hat (¢) holds, néle thak
i Fuog oore Pl ten Soroall (enx0€ NT B dafinttion
% o (fig) gives
9“(€19)(1|""))h20)‘1/

ond O"(£,9)( -2 0 = pn({,gj()(,,..-))\m)m) ¥

so hat  Vx. 0" (£,9 (115201 ) bfj Matumalyal Induchon. o x .

e oty fe PRI i< totad . .

10|



Partial Yecursive -fund:o’ons

lo2.



We Sow obove That
primitie reousive = cowmputable & totad

Sne net ey vorputable partisl funchion i< totad | i+ 08 (;wtm'nhj
Nt e e That ey ovnputable  parhial function s
prviitive  reumsive,

Owne \'vth{h‘vdAg O\l@on'H/\vv\ic metrod ot @lculation That m  give
fise o non-total Pportial functions (s Pt ot sw&w\j for e
smalst value of o funchin’s agumunt  That prducs 4 given
reswit (%WV,SOMj) —sine e Swneh valne may exist. The

OWV"ESPOV\(X\'Y\% Gpm)\\-sbv\ on ﬁ/w\ch'vv\s i< (alled W\m{wn'fo\h'm

(03



~Minimization
Given f € Pin(IN",IN)
W define  u(F) € P (N",N) by

def
'A(f)(xn-": xn)= p & <=:> there exist YoolYys s Yx
such that f(‘xw"’xmi): Yi for i:O,i,...,x
& ;i >0 for 120,1,..., %=1
5 Y= 0

L

Thws e least X Sudh that
'U(f)(xn’”’xn) = ‘.f(x“.-., Xny XX )= O W/\d

$(xyp>Xn,1)>0 for 1< x
t('m porticalor, Hxi-mxn, i) for 1<x)

ond in particnlor

HE XX )T I mo x exists Sobisfying hese ” conditions. o4



PROPOSITION :

IE f is computable, than so is p(f).

Proot

Given o rtgisier madhing  program
£ compuhivg F005-5%a0) in RO Stading (oitih RI,-, RO so To X,

N+l
fhun TR f\)\lvwiyx% diwsmm SpeUney & register machine program Jor
lompwhing }A(g)(x,,---,xy\) m RO Sjmfh'rxcé W R, Ry set

o 2, A,

0§



(X1,...,Xn):=
ST“T—. (R.,-"’Rn) | ]

(RILs..., Rn):=
(X'v": Xn),
R+ ==C 3
(RO)R(YHZ),,‘.)IQ\\])
| = (O)O)"“)O)

v
F

106



(X1,..., Xm)i= | B
STMT_.W (Rl,..-»RN) o |
a ’ NS )

(R.""’ Rﬂ):z '
(X0 yers X2 ; X1,....Xn,C
| e oML N41STers
R(n+):=C 3 ek montened iy
(RO, R(n2),.., RN) IS Pregram F ulioh
i=(0,0,.,0) | N ASSume O"\)"‘?fl
v E mg/igm
E RO, SRN (N>,

\_] RO :=f(X1,--,Xn,C) 3 ___j

while Ro> o do

Ro:=C —9@
c:=C+l;

RO - }( KI,--.,KV\,C.) ‘ ’06-'




DEFINITION ;-
A portial recursive funckion is o partial
funchon that can be built up from e basic
funchons by repeated use of e operabions
of composition, primitive recursion and
minimization .

Tn other words, the set  [PR| of partial recursive fun chong
is e Synallest Set d\- Pwrh'ad ’;\mdwov\s Oov\fm'm'rg Ye basic

f\moh'(ms ond closed under ihe operstions Of- Composihion,

primitive recursion and  Minimization,

The members ¢ PR that ave total are
Called (total ) recursive funchons.

loF



EXAMPLES 6 mintmizabion

Ex1 The everyidnore undtfined Junchn is partial reausive. For
i f(m,\j)%—’j 1, Thn Nf)(l)'f‘ , forall o

ond = Sucezeno® 5 o u(f) = u(Sucezen ) IS pakinl reamsive,
EX.2

d(%y)dﬁ integer port §1r x/y (undehined f y=0)

m(x\g)dg emaindsr When x is divided bﬂ g

Tor note trat
dooy) = loast 2 Sudr that x<y.(2+1) (Bns d(u0)T ).

}awe ?w‘Ho\J recuwidnNe .

Now 9@(%,31)0(1:}( {,C)) ii]; D;;:\; 1S pw’m{{-{ve recmive,s.ima . |
ge (o,y) = ifzenn( y=x,1,0)  (and we S dbove fad ifzen & = Are in PRIm)
So  £(y,z ) & ge(x, 5.(2%!)) i< olso i PRIM  (Sine mulliplication is)
Then d = pul§) is portiak recunive,

EY\O\“Aj, nele ek Mminy)= x -'—y.d(x,j) ) So m s also in PR,

|08



NB.
The /}\AV\J/\'W\ d n B2 is nsk totel reursive becounse
it is undetinad e tbs Seond agument i< O,
Thus | . 'W\Higzr Dok vf- J(/g § Y>o
v (o) =
# ff Y=0

IS (total) ROwrgsve div = }fy/mc,( ijl— 2e40” UU :
In fa\(k, di\/ S p\/)'m{’ci\/e TRCWrSive (Qfxero{ser prove H’vs>

08 -1



E\)Qr? f € PRIM Sahsfies
fe PR & £ is total

BUT Cenverse is -Fp\lse,;

there are fotal recursive finchions |
Which ave nek primitive. recursive |

Here is o sketth 6} the prodt o Ihig | making use o
o Next Mooy result — the Theoemw on page Y ...

09



Proof (sketch)

F‘f‘t ' ‘(e? Pi< P"’J: s SuCe ijg ) isa fomwd dUcvipHcm for addl (x,_«,)d.:,'-'fx-rg >

wde |formal descriphions ef prinubive recursive
fundions as numbers so thak

fx(g) i x is code o a formal descriphion of

oty o i e, £,

'\f' x 1S not the ovde 6(- Qa 670\'\&‘ JCScrip\-im
O & o unang prim. rec. funchon

IS o computable funchion.
/{his is a Simlor diasonml_iiah'on
ik b that in I prot that not
Nb‘k d N def all functions owe mv‘i\p whable
consider €' (x)= €(x,x)+]
CLAm : €' ePR,buk &/ ¢ PriM, o




Nodk we make nse o fe Theorem to ke ))vwe() below (o,
Y\O\va«\Z tat PR toincidtr  valin fie tollechon P &owVPw}ab'Lo.
/f\A.V\d\'W, Shmwe e 1S thpwﬁb\ﬁ) s Wemresm {mp“&\
a1l PR —and e So is €/ Sinw
! = Suce(eos (Pyv}‘”?nﬂ:))
To gtk @' ¢ PRIM, Snppuse T fortrany and dtrive A
rtrdichim : i @€ PRIM, Hn it boov\&? hawe 4 formnal
MSOﬁpHGV\, onk hane e!= f:t EOY ol (ode X T)/\@y\
fﬂ(x): ¢ (1) ShALL e':fl
= e(nx)+] by definiion f e
= £, (0 +] by dfinitin o ¢
Wnidh i3 impossive | 0

]

Hore 16 a wwre it vxample 6§ a noa- primibive- etcunsive
woer ok PR |

(l



Ackermann’s function

FACT : #here is a tokal ﬁmchon
ack € Fun(INxIN, N ) Satisfying

ock(0sy) = y+|
ack(x+1, 0) = ack(x,1)

ack (x4, y41) = ack(x, ack (x+1,y))

ok is recurgive, but nek primitive recursive.

N2



Tt is beyord Tre swpe of ltinis owrse o prove faat  ack ¢ PRIM.
(Rovghiyy speaking , ack ¢ PRIM because as X & Y Increase,

AR (X1y) oprows g-as‘rv o oy privabive  recwysive funchion

p\)ss'ﬁﬂ/\ﬂ CoMN Ova)

One Wow B0 S fhak Ak € PR IS o dksiojm a register

madhine 1o compule  ade  (exertise)  and Then pppead o Tiag
Tvem we e gl P prve fhak  Stales that PR wincides
Wit TR et 6 Comprdable  funchions.

The prosh Bt e registr maching  for aok Alwangy halks (i-e. that
AR s twtal) is non-tivial. (Tt (an be done by “well- foronded
nduckim  on paivs (xy)€ N® ordered M{co@rmpk(ca\({j (2 Y))<(my,)
o (<N or (=1, k Yi<y,)). )

n3



THEOREM
A partial Sunchion is (register machine)
computable if k only i it is partial
| ecursive,

| -

We howe olready prved ok the colleckon of Computable
povtial funckions ontains the basic Sunctions and s

closed wnder e opu‘od'ims d(- (nmposi’n'm, Pr\'mi’t\'ve
recmrsion ond  Minimizehion , and  henw  contains oll
?wrh'ad rcwsive  Sunchions.

So it romaing 1o See Yhaf
£ computable => { partial recursive

14



Prost ok (£ sompulable = e PR)
It fe P)Cn(D\ln,]N) IS omputable , fure is a v\eﬁis}er W\a\o{/\me M
N\/\\d/\ whon Saded it R, Rn Seb o X, A (and 4

S registers et o 0), halks if & W\(ﬂ £ S(x e X004, wad
M that e RO Gontawns this value,

Swppse T registers f M owe RO, R7,R2,..,Rn, Rint1), ..., Rm
(for some myn).
Swppose  M's pregram has  instrdbons  labelled Lo, L2,. -, LI.(§DWI>0))
ond  ithowt loss ot Wm\,kihg pmssume  thak e ow\L\j HALT instudhon
s the last one (LT) ond that fhare ore o erfoneous halts (e fhe
only bels tefored o i inuemank |desrement nshudions lie in T
fanoy. Lo,y LT ).
The Stake 6 M ab awy Stage in T bompulation en be Spea§ied
by Y cede LM 7 T c{ao\hswfrlm@‘h W2, e

[ = cwvent Mshuchion (o 0<{g T )

= vent contents o Ry ()=0,l,..,m ).,
e PWSf It A i< Pﬁﬂmi M ceriive d@p@md/) W on e fo\\)ww\g

lemmaas

1S



-LEMMA 1 :

There are primitive recursive functions
lab, Valg, valy,...,val,, € Fun(INI, ON') sahisfying
'Gb( [C,r,,.--. rm]) = e forall j=0,..,m and
va\j ( [, f J ) = r; all (1., 1) EN™

Tows lob gives e lavel & o state of M, whilst val; gives
e value held in Ry .

—LEMMA 2 :-

There is o primihive recursive funchion
next € fun (N, ON)  which gives hae next stale
ot M in foms of the current one.

J

The proct of Ihase lewmos uses the following property of
owr Oodiv\a oj- isks & numben o5 rumbess ...

e



—PROPOSITION :

The funchons
mklist” € Fan(N", N)
hd, € € Fun (0N, ON)
defined by
RSt (X 3000 X ) £ [ ) 0000 X )
X, if x=[x1%,] for some

hd(x) dg{ N>0 & X%y ,..) Xy
0 if x=(nillzo

| (%0000 X, ) 0f X 2[%)00,%0] for
t(x) fé { fome NY0 K Xyy-eep Xy
0 if x=[mit)=0

ore oll privhve recursive,

W+



Proct ¢ ( computable => £ € PR) , ront.

Fivst, mate that stale of M ot £% skp,

& 0\“, gther Nﬁlf'k/\/] =0
s primibive reeursive, because

S{'.Wﬂ(x,,...,i,‘ ) E) J_if { S‘mrb’mj ath Rl=Y, ., Rn=1X,,

gSW(ll'“')xh ,O) - [o )o) xll'”' ’h )01"'1 0]

SHAR (130 A £ 41) = MERE (Shabe (X1 , £) )

So that
state = " (mklist" o (@n7 200" pjf ., pai 2. 200",

e V\M({Z ym\? ﬂ"ri

wibhA mk ligt™" > ot € PrM

18



N°?($. ye oxn) VO!O (S"d"‘(x| peeey xn ,ha't(3| !“"xn”)

where

do um s .
Ntk (X yeves Xn) -izn ber & skps taken to halt

(& undsfined i nover halt)
= least £ Suchtak ldb(Shh(’. oo ¥py ,b)) =T

= F(k)(x\)-") Xn )
where h(ﬂ-. oy Xy £) -‘-"-"--f I~ ‘ﬂb(shh(xw")xme” .

Since lab,shale % — are in PRIM 50 is h
ond hence halk =p(h) is in PR,

Thaus = val, o(stake o (proj?,- ;?folm}l(h)))
IS also m PR. 0

19



To towplate  fiae pvos? of e Theorem, we howe to pvove e vapbsiﬁ'ovx and
Lewwnas 4 & 2.

PY\?\S{— 5\- e Bropusition

Sne  mklisk (315 3) = L1, LXa, O P> ),

o see et wkli” € PRIM 5 ik Suftices b Show Bk <Gy »=2°(2y#)
s primitive recrsive —rich follows b e fad hat  wulipliabion
ond  Upovantiation  owe ;v PRIM.

The post that  hd ound tl owe in PRIM Meguires wore eH'm/%

We geb to Theiv primitive vecwrsivity via ek of A number of

e diode ]C\Anoﬂvws :

O i x wwen | o
“) W\Ody_(')()dg{,} 17; X Odd{ S PY)W\){'\'\I‘@. NOM)IYQ) b—e(w

mwod, (0) = D .
wed, (3+1) = Fzerw(wod,(2),1,0)

it sl Sff% {

() hal§(x) it integer padt of x/z s primitive  recursive by (1), 5

it sodisfies half(0) = 0 |
hal§ (1) = ifzer(mod, (1), half @), hal§() +1 )

|20



(1) X[ i x>0 & 29 dividy x
AU) = {
IS primibive rRCursive by (D& (i), Sine 1} Satisfies
{ F(0) = N
£a,yt) = ifzero(mod, ( §6,9)), half ( $(ny)), 0)

()owxbinir\ﬁ (), (i), (v), and e fadk (cf. page 9%) that
bourded  suwmmations preserwe e PW)&&/P% (5% Pn'vvx{h'\ni FeCurdivenes,
~e hove ot hd amd Y omve n PRIM becawse ...

121



lorgest y such that 27 divi :
hd(x)={ FEa ¢ diides ., if x>0

0 )’}X‘:O

= L ifzero( £(x,4+1),0,1)

y<x

and
L) = half ($Cx, hd(x)))

n Proposihon

122



Prost GF Lowwna 1
This fDlDWS \W\W\Qohajrdwj ]%W\ 108 VVUpDS)hW\ baccwv&e

lOMlD:: \ﬂCl
OW‘A V%AJ:V\O{O(#Q°°‘Z£>
jrt Lo 1
Prost & Lowrna 2

By examining M prigran, e defivie §OWII+D~W\£A of
Mambess
(Onrntg) » (byrsby ), (Corncz), and (dg,..,dg)

ns follows

o for Qow{/\ 1L=0,..., IT-1
lf ke \V\S’W\AL)YIUV\ IS o inuemant, Soy Li: RJ — Lk,
Wan  dehive ulzJ)’bL"O)C—‘—k,OW\G( d;=Rk

olee the Inshucktion 1S o decrennk, Say L1 RJ'Z»; Lk,L{

ond ddkive op=,bi=1, =k, and di=t

.MM O\I:O)bI:O)Ci:I,&VV\d dl':_I

123



Swierss T W inshudkion i , | then (“nb.» Ci)d;)2
Li:RjoLRM (5,1, %, ¢)

nutux;“.'r*z favo (vl (1), i, ;) €4, (4, lab(2))

oty (1) @Z fcj (1).24,(1, [wb (1)) + Wt (1), e, (I, lab(y))

Whixe
£,08 by sy =1) (1= ) 41 oy (30

+ . (1=, (ai, )

\234



1 ))L )(:\?
0 if x#y

S Primitive recuasive, Sine og(X,y)= i zero( X =Y, }fzwo(ﬁ—ixﬂ) O)) 0)'
Using 1t , we wan define primttive recursive fundions nextt ond
nexti o follows

Note that fhe equality feat Junctin %(,)5){5{

L
nextl (1) el 2 ijzer (vl (1), di, G ). e, (1, lab (x))
bt 3 b ( ab(0)
y\m’cj (0) = Eo ]Cij()().%(l,l(}\ (x)) + Va ;). eg, (I, lab(x)

e
i (x)“i’* (ba- pred (val; (x)) + (1-b;). Sue (val (%))).Qq/(a(,_j)Jrij(x). (l—%(a‘. ,j))

(ond reeall taak Suc() = X410, pred (2) = X -1 )

B\g Cl/\D(bQ. 6\‘ m CVV\S{.CW\'{“S Uy, b\; Cl) Col‘ (|:D))I) ) “é fDHDWS hL/\ﬁ\/('

gven a Stake [ (6,0, o M,
nextl ([4,7,,7.7) = number o Tae instuckion in fi next stake

Nk (T4 15,7 ) = tonderds o Rj in the it Shake
(provided o< jgm). 124



Thuefore The unt-stade funchion (s given by

noxk(x) = L ikl (0, sk, (1, .-, Ywxty, (0]

(L.
Nnxt = VY\kl\iS\:m+2

o ( V\QXH,Y\Q/X{:O),.,)WtM)
and  hane b g privathive recnive SN nextl, next,
ok (b? e Popositon ) melist™ — ore all i PRIM.

O Lovwna 2
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Recursive and recursively enumernble sets

126



So far we howe oonanbrated on e aspect ot algoribams
fo do wilin Compnbivg fandaons fom  Tnputs ontputs.

Arother  impoftant nse ot algorbms i b gemm , 07 enumeni

e Uomonts of Some st & data.
One Sangs bt & seb S g QLRCH\/QJA/\ enumerable

f e is some algpritam A Which ik e elements

& S
S =4 A0),A(1), Al2), ... }

(It mowy well be fhat on eloment v’% S owwurs many Hyney
in e list, but no mafter.)
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ExAMPLE :
The set PR of partial recursive funchions
T, Ql'ﬂd\'veb'j enumerated b5 e alqorihim

A Which, given inpub x ,
decodes x as a pair x =<n,e), then
decodes @ as a register machine pogram Prog

and retums fhe n-any compubable (hence parkial
Reursive ) funchion  @f" , where

d
(Pg\) (xl ""lxﬂ, :5 é} Compm{'o\h'on o‘{- Pyoje S+M+eal
M"h Q)'),..)Qy\ Q,(- ‘}70 .x“”.) >

hO\H‘S N\“’\ RO:H
(bQCWeMQJMM<f PR 1 0? e form e’ for some, N & )
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CUL(AA/\Aj, S hos to be a countuble seb 1§ It g EHedfw(Ag
bl .

S s Lounteblag infinite if e IS e bijechion (= one-one
and oo fundhion) between DN and S

S K puntabe l§ s elher Sﬂﬁe o Oowﬂ'a)ol/\j iV\Jc\'m'j(e.

S 1S un cowntable lf \J( 1< nost Couvd'&\blﬂ,.

Eq B (i, IND) 1S uncountnble b‘g)‘ (antor’s D)‘Ajby\o\i /\Ygum@m{-. ]

The nebion o "effechve enumenabilily” is an informal one, becouse 1t
refers o e informal netion ¢ alaoritvn”. We  oan prmalize it
nsing e nshon o tomputable (= pacbial e Larsive ) funchion P{D\))’M
e idontify e Sek S o e enumemated  Wath o Subset of I
(Sna S is V\JL(,OASM)/\% ountab@ , We (n O\\WW Ao TS Syt wmf\v])
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DEFINITION :

A subset SS NN of numbers is
recursively_enumerable (or re.,for Short)

if & onlyy if eilner i1k is empty (S= @)
or tere is a (total) recursive funchion
fefun(N,N) So that

S={$m | nenN}

130



Recall : S €N is decidable if & oy if
e chorackerishe funckion of S

Xs(x)é_if{1 ,'f 85

0 if x¢S

IS computable, (cf pss)

Such sets are also called recursive (sine Xg is
omputnble iF&, oNg, if it is PecurSive | bein5 a fotd S\AnoHOV\), .

PROPOSITION
Every recursive seb is
‘mwsivela& enumerable.

s
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Prot

Suppose S is recwrsive. If S= @, fhen S s r.e. by definiton ;
Olhamianse  we oan \C\'v\d ome JOGS, TWm Sinwe XS IS reCiursIve
So s
5(1)@ if-Z@YD('XS(z), Xy, X )

ond S={f)lreNY, S0 S is re. =

In the Sechion on e Halting Poblom  we sawo Hab e set
{eeN | @ is a toal fundion]
s undecidable.  Tn fadt ks vk esen raunsively enumenidle ..

(32



EXAMPLE of a non-r.e. Set

ToT Z{e€N| ¢, is a fohal function }
IS not recursively enumerable.

Proof
Tf o1 were re., hen (Sine TOT £@) ToT=1§x) | xe N} for
some rcursive function € Fun(IN, IN).

Lok ue PJCV‘(lNZ; N ) be e partial fun(ﬁbn u(e,x) ot @ (x)

CLAIM
(1) u is parkial recursive; henwe so is g(x)i&u(f(x),x)-l—i

(2) g s total; henw 9= @, for Some,. ceToT , but
(3) e+ f(0) for amy XN — contradiction !

133



Prodt of the C(LAIMS :
(1) follows from fhe wotk we did in e section on a UiV s ol

registec madhing LU, Sinw u(e,x) IS e result (i any)
O{' YU\VW\\Y‘% U SJ\'W‘hY\g b P= e cund A= [x7]

s uig &OW\pv\{"p\bUL and henw g ?wl—\al re.C s Ve

(2) Sinw by assumphion on £, for all xeN  FoeToT so
ey Y, % gy (10% defnhion ¢ g) Trwas g‘is oo
Rowive , aid henme 9= ¢, for Some’ €€ ToT.

(3) If e=§0), ten

g() = @ (2) Sne. g= ¢,
= ule,x) bg d,@h'w{h"vv\a{f U
+ u(en) -+l She  ulgan= g0 ¥
= u(f(u),1)+l S @=4(1)

= ¢ (%) b\g dz;]w'm Hown (FF 9
ontmdi chon. So e ’*:)C (2) ]qJY 0\ X OOV\W(LU‘)}j T O\SSMM;OHW\
fAat § enumerates TOT (sine eeT oT) 0
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EXAMPLE of an r.e.sek that is not recursive
IS provided by the undea’dabih'!y of fhe
Halking Problew, Which n Darticular implies
hat |

HEfeeN | 9,04} |F Saompse]
1S undeadable | i-¢. is not recursive . Buk

H is r.e. because H=Dom(f) the
domain (of definedness) of Me parkial recursive

ki
fondion 0% w(x,0)

(Whore U IS as above )

and in general we have ...
|38



—PROPOSITION :
For a subset S SN, the following are equivalent :

(1 ) S s recursivelg enumerable

(2) S =Im(f),he mage of a (unary) parkial
recursive funchon '

(3) S=Dom(f),the domain of a unary parhial
recuvsive funchion

%) S is Semi-decidable , Mmeaning hat he
partial funchon

s partiol recursive. '
R C 136




NOTATION :

Crven o parbial function fe¢ Pfa(X,Y)
Dom(§)Y {xeX| $00L} e domain (o definedness) of §

Ton($) & {ye ¥ |for some 16X, f0-y ) e imase of §

Post 6 fiw Feposihon

} We Will show (203 (1) = (3) = (4) = (2).

In all cases e wplications ove tvial 1f S is emply
(Sihe Mg = complekely wndefingd Junchion , is partial recumsive
amd has domain & image = D). So we @n assume S# @
Son 6 e S

|3F



(2)=>(1) :

Let M be a register machine computing £(a) in Ro
when started with Rl = a,

Consbict 0 New maching M’ cemputing s follows :

decode R as o pair {a, t>
fun M for € Steps starting with Rf=a oand

if it halts by Menyset RO to the value it
ompukes in RO, else set RO fo x

Let 7 be the unary §unchion computed by
M" (in RO, starhng with input in RI).
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By tonshudkion £ is total reamsive  and flloesS for all x€N
(sine M only mpurhes Valnu f(a) that lie n S),

CW\W/V)%, '\§ yeS = Im(f) ,fon Y= Fa) ﬁr»' Some 4 .

Now M Computes §(a) n o f\'nﬂe wumber 5{1 Steps Sh/‘)w'vxg
from Ri=a, Son t Skps. Then by construchon of M
f'(<o\\%>) =JC(0\)=\J. Twns tveny elemant (r( S S enumeald
b\g R reamnive fundion f' - so S € re.

[M - Using fie redniques ot pvoct Qf’i)c (omputable = § ¢ PR v
e Com Shaw ek -+ S s enumerated b\j A M re umyive
f\,\vwh'm , Sink

£ = ifeem (T labstate (1 00,m,(x))), val, (stake (00, m, (1)), )(o>
wWhare T, T, owe Pﬂ'm{‘r{\&reum\'m pv\f){cfﬂ'\‘?v\ fvmd'l\ms ;)O\J\”\'gngfwﬂ
T (<antd) =, M<Kty )=t <mm), M (1))= 2
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(> 3):

Sine e e (ASS UMing S+,
S={fm) IneN} for Some recursive funchm §

9(%5) Aﬁ { | ]
1 f(y#x
IS also recunive , Sinw g (ov) = 1 =g (5(y)x).
Thws (g is partial recunive ond

x e Dom( m(9)) < JNCPIEIR
< gnhy)=0 or ey

& Slyds §\7r Some
) X €S
Twms S = Dom( 92, as required.

130 = (4):
IF S=Dom(§) Lo gE?R, T

'\V\s ) = IJ}Z'% ({2, 111)
is alse Pwh’w( reeunsive , hene Compudable - So S s semi-decidable

|40



='(}_Q = (2):

Lk M be a register machine Compuhing ing(x)
inRO when Started with x in R].

( Where X (s some
“;‘% \ _regidw Nt WV\]\'UW}J |
M H’S P‘ﬁ‘jﬂ‘\w\ )

S’TART——%LX::E’—% M ——%{Ro::x > HALT

(omputes Hhe partial recnesive funchon
£ (%) > {x W Ing(n)
T ;f i'\s(!)’r

ond hune Im(f) = S.

1%



DEFINITION :
A Subset SS N is called co-r.e.

'“' INN\ S (@{xeh\! | x ¢ S})
S r.e.

PROPOSITION :
S is recwsive if k orly if b

'S both r.¢ and co-r.e.

)42



PRooF : 0 if X¢S

Xl = 1 # x€S

O f X€S
Tuns 00 = {1 it x¢s

= i(’?Qm ( Xs(l), 1, O)
0 S retursive = IN\S remsive

So S Wwmrsive = S & N\S bo\k v.e.

Convcrsdt,. .

3



Suppose
S }q,numemhd by vecursive fanchion { £

IN\S 9
Let M be regicter madhine hich nhin Starke
W x n RI :

Computes Successive values of Hre sequence
9(2),5(03, g1, (1), g(2), f(2),.-
halting (ak n* place in sequence,Say)
fist hme get a value = x, and
reburng ° : e feven
Ing {1 m RO if n "{odd

Then M decides membership 0’- S, because ... "



M is quamnkel fo halt because f and g owe Totl 5 amd

then
oithey x€S — n Shich case l‘—')t(r\),chm "

ov L ¢S — n Hhidh (ase x=g(n), Some 1 .

Move j(Dowxu/\?r X, () = modl((u(k)(x)) , Whhore,

hony) 4 4 eq (3 ifzern (med, (y), g (half (), S(hl§ ()
and  mod, half, eg, wer O(-Q/]'\Y\(LA N Pages )20 & 124
s X, is Towsive  beanse Jusg awe oind because
o, ifeeve, mud, & hatf owe (primitfve ) recmrsive. 0
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SUMMAR Y

o Formalization of infwitive nofon o
AL&ORITHM in Several eguivalent WAY s
cf." (lr\mk-'l?ariv\ﬂ Thesis™

o Limiktive ~suls : undecidable problems

uncompuinble funchons
" programs as data + dingonalizahion





