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Many Kinds of Numbers

Complex

Real

Rational

Integer

Natural

Hypercomplex

Hyperreal

Hypernatural

Non-standard analysis: infinitely 
large and small numbers



Many Arithmetic Laws

• commutative and associative

• distributive and cancellation

• monotonicity and sign-related

• for + − × / abs and exponentiation

There are 100s of laws, and special-purpose code.
Must it be replicated?



Subtyping: The Usual Fix
• Inheritance hierarchy based on inclusions 

such as nat ⊆ int ⊆ rat ⊆ real ⊆ complex

• Inverts the natural order of construction: the 
complex numbers actually derive their 
properties from the reals!

• The complexes are unordered, so laws about 
< must be inherited from the reals

• New theories (such as polynomials) don’t 
benefit, since they aren’t subtypes of anything



Axiomatic Type Classes

• Controlled overloading based on axioms

• Can define concept hierarchies abstractly

• Prove theorems about a concept from its 
axioms

• Prove that a type belongs to a class, making 
those theorems available

• Due to Nipkow (1991) and Wenzel (1997)



Defining Semirings

cut :: ( ′a => ′b) => ( ′a ∗ ′a)set => ′a => ′a => ′b
cut f r x == (%y . if (y ,x ):r then f y else arbitrary)

adm-wf :: ( ′a ∗ ′a) set => (( ′a => ′b) => ′a => ′b) => bool
adm-wf R F == ALL f g x .

(ALL z . (z , x ) : R −−> f z = g z ) −−> F f x = F g x

wfrec :: ( ′a ∗ ′a) set => (( ′a => ′b) => ′a => ′b) => ′a => ′b
wfrec R F == %x . THE y . (x , y) : wfrec-rel R (%f x . F (cut f R x ) x )

axclass
wellorder < linorder
wf wf {(x ,y :: ′a::ord). x<y}

end

11 Ring and field structures Gertrud Bauer, L. C.
Paulson and Markus Wenzel

theory Ring-and-Field = Inductive:

11.1 Abstract algebraic structures

axclass semiring ⊆ zero, one, plus, times
add-assoc: (a + b) + c = a + (b + c)
add-commute: a + b = b + a
add-0 [simp]: 0 + a = a
add-left-imp-eq : a + b = a + c ==> b=c

— This axiom is needed for semirings only: for rings, etc., it is redundant.
Including it allows many more of the following results to be proved for semirings
too. The drawback is that this redundant axiom must be proved for instances of
rings.

mult-assoc: (a ∗ b) ∗ c = a ∗ (b ∗ c)
mult-commute: a ∗ b = b ∗ a
mult-1 [simp]: 1 ∗ a = a

left-distrib: (a + b) ∗ c = a ∗ c + b ∗ c
zero-neq-one [simp]: 0 $= 1

axclass ring ⊆ semiring , minus
left-minus [simp]: − a + a = 0
diff-minus: a − b = a + (−b)

axclass ordered-semiring ⊆ semiring , linorder
zero-less-one [simp]: 0 < 1 — This too is needed for semirings only.
add-left-mono: a ≤ b ==> c + a ≤ c + b
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Ordered Semirings
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Existing class of linear orders

• Addition is cancellative and monotonic

• Multiplication distributes over addition

• Example: the natural numbers



The Full Hierarchy

ordered fields

fields ordered rings

ordered semirings

rings

semirings

other 
ring-based

nat

int

real

complex



The Natural Numbers 
form a Semiring

lemma mult-0-right [simp]: (m::nat) ∗ 0 = 0
by (induct m) simp-all

right successor law for multiplication

lemma mult-Suc-right [simp]: m ∗ Suc n = m + (m ∗ n)
by (induct m) (simp-all add : nat-add-left-commute)

Commutative law for multiplication

lemma nat-mult-commute: m ∗ n = n ∗ (m::nat)
by (induct m) simp-all

addition distributes over multiplication

lemma add-mult-distrib: (m + n) ∗ k = (m ∗ k) + ((n ∗ k)::nat)
by (induct m) (simp-all add : nat-add-assoc nat-add-left-commute)

lemma add-mult-distrib2 : k ∗ (m + n) = (k ∗ m) + ((k ∗ n)::nat)
by (induct m) (simp-all add : nat-add-assoc)

Associative law for multiplication

lemma nat-mult-assoc: (m ∗ n) ∗ k = m ∗ ((n ∗ k)::nat)
by (induct m) (simp-all add : add-mult-distrib)

The Naturals Form A Semiring

instance nat :: semiring
proof
fix i j k :: nat
show (i + j ) + k = i + (j + k) by (rule nat-add-assoc)
show i + j = j + i by (rule nat-add-commute)
show 0 + i = i by simp
show (i ∗ j ) ∗ k = i ∗ (j ∗ k) by (rule nat-mult-assoc)
show i ∗ j = j ∗ i by (rule nat-mult-commute)
show 1 ∗ i = i by simp
show (i + j ) ∗ k = i ∗ k + j ∗ k by (simp add : add-mult-distrib)
show 0 "= (1 ::nat) by simp
assume k+i = k+j thus i=j by simp

qed

lemma mult-is-0 [simp]: ((m::nat) ∗ n = 0 ) = (m=0 | n=0 )
apply (induct-tac m)
apply (induct-tac [2 ] n, simp-all)
done

12.11 Monotonicity of Addition

strict, in 1st argument

lemma add-less-mono1 : i < j ==> i + k < j + (k ::nat)
by (induct k) simp-all
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And They Form An 
Ordered Semiring

strict, in both arguments

lemma add-less-mono: [|i < j ; k < l |] ==> i + k < j + (l ::nat)
apply (rule add-less-mono1 [THEN less-trans], assumption+)
apply (induct-tac j , simp-all)
done

Deleted less-natE ; use less-imp-Suc-add RS exE

lemma less-imp-Suc-add : m < n ==> (∃ k . n = Suc (m + k))
apply (induct n)
apply (simp-all add : order-le-less)
apply (blast elim!: less-SucE

intro!: add-0-right [symmetric] add-Suc-right [symmetric])
done

strict, in 1st argument; proof is by induction on k > 0

lemma mult-less-mono2 : (i ::nat) < j ==> 0 < k ==> k ∗ i < k ∗ j
apply (erule-tac m1 = 0 in less-imp-Suc-add [THEN exE ], simp)
apply (induct-tac x )
apply (simp-all add : add-less-mono)
done

The Naturals Form an Ordered Semiring

instance nat :: ordered-semiring
proof
fix i j k :: nat
show 0 < (1 ::nat) by simp
show i ≤ j ==> k + i ≤ k + j by simp
show i < j ==> 0 < k ==> k ∗ i < k ∗ j by (simp add : mult-less-mono2 )

qed

lemma nat-mult-1 : (1 ::nat) ∗ n = n
by simp

lemma nat-mult-1-right : n ∗ (1 ::nat) = n
by simp

12.12 Additional theorems about ”less than”

A [clumsy] way of lifting < monotonicity to ≤ monotonicity

lemma less-mono-imp-le-mono:
assumes lt-mono: !!i j ::nat . i < j ==> f i < f j
and le: i ≤ j shows f i ≤ ((f j )::nat) using le
apply (simp add : order-le-less)
apply (blast intro!: lt-mono)
done

non-strict, in 1st argument
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...

As the type already belongs to class 
semiring, only the additional axioms must 
be proved. 



A Type Class for 
Powers

end

14 Exponentiation and Binomial Coefficients

theory Power = Divides:

14.1 Powers for Arbitrary (Semi)Rings

axclass ringpower ⊆ semiring , power
power-0 [simp]: a ˆ 0 = 1
power-Suc: a ˆ (Suc n) = a ∗ (a ˆ n)

lemma power-0-Suc [simp]: (0 :: ′a::ringpower) ˆ (Suc n) = 0
by (simp add : power-Suc)

It looks plausible as a simprule, but its effect can be strange.
lemma power-0-left : 0ˆn = (if n=0 then 1 else (0 :: ′a::ringpower))
by (induct-tac n, auto)

lemma power-one [simp]: 1ˆn = (1 :: ′a::ringpower)
apply (induct-tac n)
apply (auto simp add : power-Suc)
done

lemma power-one-right [simp]: (a:: ′a::ringpower) ˆ 1 = a
by (simp add : power-Suc)

lemma power-add : (a:: ′a::ringpower) ˆ (m+n) = (aˆm) ∗ (aˆn)
apply (induct-tac n)
apply (simp-all add : power-Suc mult-ac)
done

lemma power-mult : (a:: ′a::ringpower) ˆ (m∗n) = (aˆm) ˆ n
apply (induct-tac n)
apply (simp-all add : power-Suc power-add)
done

lemma power-mult-distrib: ((a:: ′a::ringpower) ∗ b) ˆ n = (aˆn) ∗ (bˆn)
apply (induct-tac n)
apply (auto simp add : power-Suc mult-ac)
done

lemma zero-less-power :
0 < (a:: ′a::{ordered-semiring ,ringpower}) ==> 0 < aˆn

apply (induct-tac n)
apply (simp-all add : power-Suc zero-less-one mult-pos)
done
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• The usual laws follow from these axioms

• Prove them once; use them for each type

• Other common operators can be dealt with 
in the same way



Setting up Powers for 
the Naturals

p ˆ 0 = 1
p ˆ (Suc n) = (p::nat) ∗ (p ˆ n)

instance nat :: ringpower
proof
fix z :: nat
fix n :: nat
show zˆ0 = 1 by simp
show zˆ(Suc n) = z ∗ (zˆn) by simp

qed

lemma nat-one-le-power [simp]: 1 ≤ i ==> Suc 0 ≤ iˆn
by (insert one-le-power [of i n], simp)

lemma le-imp-power-dvd : !!i ::nat . m ≤ n ==> iˆm dvd iˆn
apply (unfold dvd-def )
apply (erule not-less-iff-le [THEN iffD2 , THEN add-diff-inverse, THEN subst ])
apply (simp add : power-add)
done

Valid for the naturals, but what if 0<i<1? Premises cannot be weakened:
consider the case where i = (0 :: ′a), m = (1 :: ′a) and n = (0 :: ′a).

lemma nat-power-less-imp-less: !!i ::nat . [| 0 < i ; iˆm < iˆn |] ==> m < n
apply (rule ccontr)
apply (drule leI [THEN le-imp-power-dvd , THEN dvd-imp-le, THEN leD ])
apply (erule zero-less-power , auto)
done

lemma nat-zero-less-power-iff [simp]: (0 < xˆn) = (x #= (0 ::nat) | n=0 )
by (induct-tac n, auto)

lemma power-le-dvd [rule-format ]: kˆj dvd n −−> i≤j −−> kˆi dvd (n::nat)
apply (induct-tac j )
apply (simp-all add : le-Suc-eq)
apply (blast dest !: dvd-mult-right)
done

lemma power-dvd-imp-le: [|iˆm dvd iˆn; (1 ::nat) < i |] ==> m ≤ n
apply (rule power-le-imp-le-exp, assumption)
apply (erule dvd-imp-le, simp)
done

14.3 Binomial Coefficients

This development is based on the work of Andy Gordon and Florian Kam-
mueller

consts
binomial :: [nat ,nat ] => nat (infixl choose 65 )
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apply (auto simp add : power-Suc le-Suc-eq)
apply (rename-tac m)
apply (subgoal-tac 1 ∗ aˆn ≤ a ∗ aˆm, simp)
apply (rule mult-mono)
apply (auto simp add : order-trans [OF zero-le-one] zero-le-power)
done

Lemma for power-strict-increasing

lemma power-less-power-Suc:
(1 :: ′a::{ordered-semiring ,ringpower}) < a ==> aˆn < a ∗ aˆn

apply (induct-tac n)
apply (auto simp add : power-Suc mult-strict-left-mono order-less-trans [OF zero-less-one])

done

lemma power-strict-increasing :
[|n < N ; (1 :: ′a::{ordered-semiring ,ringpower}) < a|] ==> aˆn < aˆN

apply (erule rev-mp)
apply (induct-tac N )
apply (auto simp add : power-less-power-Suc power-Suc less-Suc-eq)
apply (rename-tac m)
apply (subgoal-tac 1 ∗ aˆn < a ∗ aˆm, simp)
apply (rule mult-strict-mono)
apply (auto simp add : order-less-trans [OF zero-less-one] zero-le-power

order-less-imp-le)
done

lemma power-le-imp-le-base:
assumes le: a ˆ Suc n ≤ b ˆ Suc n

and xnonneg : (0 :: ′a::{ordered-semiring ,ringpower}) ≤ a
and ynonneg : 0 ≤ b

shows a ≤ b
proof (rule ccontr)
assume ∼ a ≤ b
then have b < a by (simp only : linorder-not-le)
then have b ˆ Suc n < a ˆ Suc n
by (simp only : prems power-strict-mono)

from le and this show False
by (simp add : linorder-not-less [symmetric])

qed

lemma power-inject-base:
[| a ˆ Suc n = b ˆ Suc n; 0 ≤ a; 0 ≤ b |]
==> a = (b:: ′a::{ordered-semiring ,ringpower})

by (blast intro: power-le-imp-le-base order-antisym order-eq-refl sym)

14.2 Exponentiation for the Natural Numbers

primrec (power)
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Numeric Literals

• Coded as 2’s-complement binary numbers

• Valuation defined by primitive recursion

• Correspondence between binary arithmetic 
and numerical arithmetic proved for rings

• Can be instantiated for all numeric types 
save the naturals



Uniform Simplification

• Axioms/theorems declared with [simp] are 
used to simplify terms of any suitable type

• Thus simplification is uniform for all the 
numeric types

• Simplification procedures (HOL conversions) 
also behave uniformly



Summary/Conclusions

• Type classes cope with many numeric types.

• Properties are proved abstractly

• 100s of lemmas become available to a new 
numeric type

• No need to repeat proofs or code or to 
invent systematic naming conventions

• Related work: PVS theories? 


